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PREFACE 
The academic and industrial research are focused on the development of electric motors and 
generators achieving high performance and efficiency standards. 
Among the different types of electrical machines existing reluctance motors and reluctance 
assisted by permanent magnets, evolution of interior permanent magnets, appear to be good 
candidates for satisfying increasingly stringent specifications. 
In fact, the importance of permanent magnet (PM) motor technology and its impact on 
electromechanical drives has significantly increased in the last decades.  
The use of permanent magnets (PMs) in construction of electrical machines brings the 
following benefits: no electrical energy is required to supply the field excitation system and 
thus there are no excitation losses which means substantial increase in efficiency; higher 
power density and torque density; better dynamic performance; simplification of 
manufacturing and maintenance; cost reduction for some types of machines; equal or even 
increased reliability. 
The first and still most common layout used for deploying permanent magnet inside machines 
is the surface mounted arrangement (SPM): this way the magnets are usually glued onto the 
surface of the rotor or stator core, directly facing the main air gap.  
The recent price volatility of rare earth raw materials pushed designers and manufacturers of 
electric motors to find out machine topologies able to exploit more efficiently the permanent 
magnets used, in such a way to minimize the required amount of such materials while fulfilling 
the design specifications. 
As known [2], the Interior Permanent Magnet (IPM) Synchronous Motor represents a generic 
concept and includes many kind of possible designs and rotor structures. In its earlier stage an 
IPM motor was essentially considered as a PM machine and its reluctant nature was not 
adequately exploited in the design. Recently, the importance of the reluctance torque has 
been recognized as a way to reduce the cost of magnets in IPM machines: a proper matching 
of both PM and reluctance torque components can be then considered as a main design goal. 
An effective way to exploit lower energy density (and lower cost) magnets is to use them to 
increase the performance of synchronous reluctance machines (SyRM), thus leading to 
Permanent Magnet Assisted Synchronous Reluctance Machines (PMSR): such machines usually 
feature a multilayer rotor structure composed of alternated flux paths, permanent magnets 
and eventually empty flux barriers. In fact, by properly design such machine interesting 
performances may be achieved in terms of torque density. In this case, the magnet excitation 
is used only as an additional contribute to the torque and an improvement for the Power 
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Factor with respect to the corresponding SyRM, while achieving much wider speed range in 
field weakening mode with respect to conventional machines featuring the SPM layout. 
This thesis presents a study about the performance of permanent magnet assisted 
synchronous reluctance machines for traction applications, aimed to investigate the potential 
benefits of an unconventional winding topology and to optimize a rotor design referred to a 
specific machine in order to better comply with the application requirements. 
The main goals for an electric machine to be used in a traction application are: 
 High torque density and power density and wide speed range, with a wide operating 
range above the base speed. 
 High efficiency over wide speed and torque ranges, including low torque operation. 
 Wide intermittent overload capability. 
 Low acoustic noise and low torque ripple under conventional sinusoidal currents 
supply. 
Induction machines (IMs), synchronous reluctance machines (SyRMs) and permanent magnets 
(PM) brushless machines have all been employed in traction applications and can be designed 
to exhibit different torque/power speed characteristics [3, 4].  
IMs are robust, have a low cost and rely on well-established manufacturing techniques. 
Nevertheless, their poor performances in terms of torque density, energy efficiency and 
overload capability make them less attractive than SyRMs. 
The surface mounted permanent magnet machine (SPM) is the most widely used topology. 
However, since the d- and q-axis stator winding inductances are the same, it exhibit zero 
reluctance torque. The magnets are exposed directly to the armature reaction field, and are 
susceptible to partial irreversible demagnetization. SPM machines also generally have a 
relatively limited flux weakening capability. 
For interior mounted permanent magnets machines (IPMs), since the values of d-axis and q-
axis inductances are different, a useful additional torque may be generated by exploiting the 
reluctance effects; moreover, the machine structure permits to manage more easily the field 
weakening mode. Therefore, IPM topologies are more appropriate for extended speed 
operation [5]. By introducing a V-shaped disposition of the permanent magnets in the rotor, 
the air-gap flux can be increased which will improve the torque capability further [6].  
The SyRMs, which rely on the reluctance of the machine to generate torque are known to be 
very cheap and exhibit a reasonable high torque density. However, they are inferior to PM 
machines in terms of torque density and efficiency and, hence, are not ideal for traction 
applications which require a high torque density along with a wide speed range. 
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By enhancing the anisotropy of an IPM, the reluctance component of torque can be increased 
which enables the design to use less permanent magnets. This topology is referred to as a 
PMSR and can be considered a promising topology. When the magnets are inserted into a 
reluctance machine it results in a higher efficiency and an improved power factor [7, 8] for a 
reasonable cost increase. 
This thesis is articulated as follows. 
The first part concerns the increase of power and torque density, to achieve this aim has been 
investigated a unusual winding concept, the toroidal winding, we proceeded by making a 
comparison between distributed winding and toroidal winding in term of electromechanical 
performance, the comparison continues in term of thermal performance using lumped 
parameter network, the objective is investigate if it is possible improve the thermal efficiency 
and then increase the current density and therefore increase the torque density. 
The second part is about improvement the motor performance in term of ripple torque 
maintain the motor configuration, numbers of stator slots and numbers of flux barriers. A new 
rotor design is obtain in accord with [3], in addition a new winding configuration is adopt. 
Changing the pole pair numbers of the rotor and maintaining the same stator configuration a 
new winding configuration is possible employed, fractional slot, acts to reduce the torque 
ripple. Finally, the result of the mix of both techniques is shown. 
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PREFAZIONE 
La ricerca accademica e industriale sono concentrati sullo sviluppo di motori elettrici e 
generatori ad elevati standard di prestazioni ed efficienza. 
Tra i diversi tipi di macchine elettriche motori a riluttanza e a riluttanza assistiti da magneti 
permanenti, evoluzione dei magneti permanenti interni esistenti, sembrano essere buoni 
candidati per soddisfare specifiche sempre più stringenti. 
Infatti, l'importanza di magneti permanenti (PMs) sulla tecnologia del motore e il loro impatto 
sugli azionamenti elettromeccanici è notevolmente aumentata negli ultimi decenni. 
L'utilizzo di magneti permanenti (PMs) nella costruzione di macchine elettriche porta i seguenti 
vantaggi: nessuna energia elettrica è fornita al sistema d'eccitazione e quindi non vi sono 
perdite di eccitazione che significa notevole aumento dell'efficienza; maggiore densità di 
potenza e densità di coppia; migliori prestazioni dinamiche; semplificazione della produzione 
e manutenzione; riduzione dei costi per alcuni tipi di macchine; affidabilità uguale o anche 
maggiore. 
Il primo e ancora più comune layout utilizzato per la distribuzione di magnete permanente 
nelle macchine è la disposizione superficiale (SPM): in questo modo i magneti sono 
generalmente incollati sulla superficie del nucleo del rotore o statore, direttamente sul 
traferro principale. 
La recente volatilità dei prezzi delle materie prime come le terre rare ha spinto i progettisti e 
costruttori di motori elettrici nello scoprire topologie macchina in grado di sfruttare in modo 
più efficiente i magneti permanenti utilizzati, in modo tale da ridurre al minimo la quantità di 
tali materiali e soddisfando le specifiche di progetto. 
Come è noto in [2], il motore sincrono a magneti interni (IPM) rappresenta un concetto 
generico e include molti tipi di possibili layout delle strutture di rotore. Nella sua precedente 
fase il motore IPM era essenzialmente considerata come una macchina PM e la sua naturale 
riluttanza non era adeguatamente sfruttata. Recentemente, l'importanza della coppia di 
riluttanza è stata riconosciuta come un modo per ridurre il costo dei magneti in macchine IPM: 
una corretta corrispondenza di entrambi PM e componenti coppia di riluttanza può essere 
quindi considerato come un obiettivo di progettazione principale. 
Un modo efficace per sfruttare densità di energia più bassa (e costo inferiore) dei magneti è di 
usarli per aumentare le prestazioni delle macchine a sincrone a riluttanza (SyRM), ottenendo 
così macchine sincrone a riluttanza magneto assistite (PMSR): tali macchine in genere 
dispongono di un rotore multistrato struttura composta da percorsi di flusso alternati, magneti 
permanenti e barriere di flusso eventualmente vuote. Infatti, con la corretta progettazione di 
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tale macchina interessanti prestazioni possono essere ottenute in termini di densità di coppia. 
In questo caso, l'eccitazione del magnete è usato solo come un ulteriore contributo alla coppia 
e un miglioramento del fattore di potenza rispetto ad un corrispondente SyRM, raggiungendo 
una gamma di velocità molto più ampia zona di deflussaggio rispetto alle macchine tradizionali 
caratterizzate dal SPM layout. 
Questa tesi presenta uno studio sulle prestazioni di un sincrono a riluttanza magneto assistito 
per applicazioni da trazione, l'obiettivo è indagare i potenziali benefici di una topologia 
avvolgimento non convenzionale e di ottimizzare il layout del rotore in modo da soddisfare 
meglio i requisiti di applicazione . 
Gli obiettivi principali per una macchina elettrica utilizzata in un'applicazione per trazione 
sono: 
• Densità coppia elevata densità di potenza elevata e un'ampia gamma di velocità, con un 
ampio campo di funzionamento sopra la velocità base. 
• Alta efficienza e coppia per ampie gamme di velocità, tra cui il funzionamento a bassa coppia. 
• Ampia Capacità di sovraccarico intermittente. 
• Basso rumore acustico e ondulazione bassa di coppia sotto alimentazione di convenzionale 
correnti sinusoidali. 
Macchine a induzione (IM), macchine a riluttanza sincroni (SyRMs) e macchine brushless a 
magneti permanenti (PM) sono stati tutti impiegati in applicazioni di trazione e possono essere 
progettati per esibire diverse caratteristiche di velocità-coppia / potenza [3, 4]. 
IM sono robusti, hanno un basso costo e si basano su tecniche di produzione consolidate. 
Tuttavia, le loro scarse prestazioni in termini di densità di coppia, l'efficienza energetica e 
capacità di sovraccarico li rendono meno attraenti dei SyRMs. 
La macchina a magneti permanenti superficiali (SPM) è la topologia più utilizzato. Tuttavia, 
poiché l'asse d e q statorico induttanze sono gli stessi, si presentano coppia di riluttanza zero. 
I magneti sono esposti direttamente al campo reazione di indotto, e sono suscettibili di parziale 
smagnetizzazione irreversibile. Macchine SPM hanno generalmente una capacità 
relativamente limitata deflussaggio. 
Per macchine a magneti permanenti interni (IPMS), poiche i valori di induttanze di asse d  e di 
asse q sono diversi, una coppia aggiuntiva utile può essere generata sfruttando gli effetti legati 
alla riluttanza; Inoltre, inoltre la struttura di macchina permette di gestire più facilmente la 
modalità ad indebolimento di campo. Pertanto, topologie IPM sono più appropriati per il 
funzionamento ad ampi range di velocità [5]. Introducendo una disposizione a forma di V dei 
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magneti permanenti nel rotore, il flusso traferro può essere aumentata migliorando 
ulteriormente la densità di coppia [6]. 
I SyRMs, che si basano sulla riluttanza della macchina per generare la coppia sono noti per 
essere molto economici e mostrare una ragionevole elevata densità di coppia. Tuttavia, essi 
sono inferiori alle macchine a PM in termini di densità di coppia e di efficienza , di conseguenza, 
non sono ideali per applicazioni di trazione che richiedono una densità di coppia elevata oltre 
ad un'ampio range di velocità. 
Aumentando l'anisotropia di IPM, la componente di coppia dovuta alla riluttanza può essere 
aumentata il che consente la progettazione di motori che utilizzano meno quantità di magneti 
permanenti. Questa topologia è indicata come un PMSR e può essere considerato una 
topologia promettente. Quando i magneti sono inseriti in una macchina riluttanza si traduce 
in una maggiore efficienza e un fattore di potenza migliorato [7, 8] per un aumento dei costi 
ragionevoli. 
Questa tesi si articola come segue. 
La prima parte riguarda l'aumento della densità di potenza e coppia, per raggiungere questo 
scopo è stato studiato un concetto di avvolgimento inusuale, l'avvolgimento toroidale, si è 
proceduto facendo un confronto tra avvolgimento distribuito e avvolgimento toroidale in 
termini di prestazioni elettromeccaniche, il confronto è continuato in termine di prestazioni 
termiche utilizzando la rete termica a parametri concentrati, l'obiettivo è indagare se è 
possibile migliorare l'efficienza termica e quindi aumentare la densità di corrente e quindi 
aumentare la densità di coppia. 
La seconda parte è un miglioramento delle prestazioni del motore in termini di oscillazione 
coppia mantenendo la medesima configurazione del motore, il numero di slot di statore e 
numeri di barriere di flusso. Un nuovo design del rotore è stato progettato in accordo con [3], 
e una nuova configurazione di avvolgimento è stata adottata. Sono state modificate il numero 
di coppie di poli del rotore e mantenendo la stessa configurazione dello statore è stato 
possibile impiegare una nuova configurazione di avvolgimento, avvolgimento a cave 
frazionate, al fine di ridurre le oscillazioni di coppia. Infine, viene mostrato il risultato della 
combinazione di entrambe le tecniche. 
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ABSTRACT 
This Master Thesis deals with the electromagnetic and thermal performance of a permanent 
magnet assisted synchronous reluctance machine for traction application, carrying out a 
comparison between two windings configuration and between two technics for torque ripple 
reduction.   
In the first chapter, an excursus about the kinds of electrical machines and their application 
areas is presented. 
In the second chapter, the mathematical model and the main features of an IPM motor are 
presented. The capability curves and the circle diagram are introduced to better describe the 
IPM performances; at the end the concept of the interaction between the model parameters 
and the saturation effects and cross saturation in a real machine are shown. In addition a brief 
introduction to FEM analysis is presented. 
In the third chapter, the electro-magnetic performance of the reference machine are 
presented. 
In the fourth chapter a preliminary comparison between toroidal windings configuration and 
distributed windings configuration in terms of electromagnetic performance is presented. At 
the chapter end an efficiency comparison for different motor dimensions is presented. 
In the fifth chapter, the thermal problem for electrical machine is introduced and the main 
heat removal equations are presented. The equivalent lumped parameters thermal circuits for 
each windings topology are modeled with the purpose to continue the comparison in terms of 
thermal performance defining the toroidal winding advantages and drawbacks for different 
motor dimensions. 
In the sixth chapter, two reduction technics of ripple torque are introduced. The purpose is 
find a way that permit to reduce the torque ripple without worsen the performance.  Fractional 
slot windings and a new rotor design are introduced and FEM analysis provide and validate the 
torque ripple results. 
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1. INTRODUCTION 
The synchronous electric machine have two sources of excitation: the armature and the field. 
In conventional electric machines (DC commutator machines and synchronous machines), 
both of these excitation sources are electric windings connected to an external source of 
electric energy. In PM electric machines, the field is generated by permanent magnets 
eliminating the field windings and the external source. 
The copper losses associated with filed windings does not exist in PM electric machines 
increasing the efficiency of the machine. Moreover the use of permanent magnets to generate 
the field allows to design these machines with less weight and compact size compared to the 
convectional doubly excited electric machines.  
General, the permanent magnet synchronous motor can be classified into two main types: 
Surface Mount Permanent Magnet Motor (SPM) and Interior Permanent Magnet motor (IPM). 
When the magnets are mounted on the surface of the rotor, the machine is a surface mounted 
permanent magnet motor (SPM), when the magnets is placed inside the rotor, the machine is 
an interior permanent magnet motor (IPM). 
The SPM machine is simple in construction, and it is the most widely used topology for PM 
brushless machines. The magnets are mounted on the rotor in forms of strips or arcs, which 
are normally glued to the rotor surface and bandaged with e.g. glass-fiber to ensure 
mechanical strength or as shown below insert into the rotor surface. 
 
FIGURE 1 SPM ROTOR STRUCTURE 
The operating magnetic flux density in the air gap is nearly the same as in the magnets, so that 
this sort of machine cannot have air gap flux densities higher than that of the remanent flux 
density of the magnets. If low cost ferrite magnets are used, this means relatively low induction 
and consequently relatively low efficiency and power density. However, adopting high 
performance permanent magnet materials in which remanent flux densities can be on the 
order of 1.2 T, air gap working flux densities can be on the order of 1 T. 
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Normally, the SPM machine with parallel magnetized magnet exhibits almost sinusoidal air gap 
flux density waveform, which in turn, results in low torque ripple and iron loss due to low 
harmonic contents. 
It is also important to note that the magnets in this design are really in the “air gap” of the 
machine, and therefore are exposed to all of the time and space harmonics of the stator 
winding MMF. Since some permanent magnets have electrical conductivity (particularly the 
higher performance magnets), any asynchronous fields will tend to produce eddy currents and 
consequent losses in the magnets. In general, however, the rotor eddy current loss is relatively 
small compared with the stator copper and iron losses. Nevertheless, it may cause significant 
heating of the magnets, due to the relatively poor heat dissipation from the rotor. In turn, this 
may result in partial irreversible demagnetization, particularly of sintered NdFeB magnets, 
which have relatively high temperature coefficients of remanence and coercivity and a 
moderately high electrical conductivity. 
From a magnetic point of view it may be noted that the rotor structure is isotropic as show in 
Figure 2, because the relative permeability of the magnets is near to the unit. For this reason, 
the reluctances along the d- and q-axis are really similar, if the motor is not saturated and thus 
the d- and q-axis inductances are basically the same. 
 
FIGURE 2 MAIN FLUX PATH IN SPM MOTOR 
Due to its isotropic rotor, the d- and q-axis inductances are identical and the saliency ratio is 1, 
therefore no reluctance torque occurs. 
In general, the armature reaction field is relatively small and the stator windings have a low 
inductance, since the magnet has a relative permeability which approximates to that of air and 
the effective air gap is the sum of the actual air gap length and the radial thickness of the 
magnets. However, the magnets are exposed directly to the armature reaction field, and, 
hence, are susceptible to partial irreversible demagnetization therefore, SPM machines are 
generally to have a relatively limited flux weakening capability. 
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The IPM motor have the magnetic material embed completely inside the rotor structure. Such 
a rotor structure is relatively complex and expensive to manufacture respect to IPM motor. 
In Figure 3 are shown examples of brushless machines in which the magnets are 
accommodated within the rotor. 
In the left figure the magnets are radially magnetized, while in right figure they are 
circumferentially magnetized.  
 
FIGURE 3 IPM ROTOR STRUCTURE 
Generally the leakage flux from the magnets is significantly greater than that in SPM machines. 
However, since the magnets are buried inside the rotor iron, the magnets are effectively 
shielded from the demagnetizing armature reaction field during flux weakening operation.  
From a magnetic point of view it may be noted that the rotor of IPM is an anisotropic structure, 
because the d-axis flux meets more air than q-axis flux due to the fact that, along its path, it 
crosses the magnets, as show in Figure 4. Hence the reluctance along the d- is greater than the 
q-axis one and consequently the d-axis inductance is less than the q-axis inductance. 
 
FIGURE 4 MAIN FLUX PATH IN IPM MOTOR 
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Therefore, a reluctance torque exists. In addition the d-axis inductance is high compared with 
that of an equivalent surface mounted magnet motor topology. Therefore, generally, such 
machine topologies are eminently appropriate for extended speed and constant power 
operation in the flux weakening mode. 
A virtue of the rotor topology shown in Figure 3 on the right is that when the pole number is 
relatively high, flux focusing can be exploited and the air-gap flux density can be significantly 
higher than the magnet remanence. Such a machine topology also exhibits a higher d-axis 
inductance since the armature reaction flux only passes through a single magnet, rather than 
two magnets as in the other machine topologies, making it very suitable for extended constant 
power operation. 
The general torque equation for a PM brushless machine, which has both excitation torque 
and reluctance torque components, is given by 
𝑇𝑒𝑚 =
3
2
∙ 𝑝 ∙ (𝜆𝑃𝑀 ∙ 𝐼𝑞 + (𝐿𝑑 − 𝐿𝑞) ∙ 𝐼𝑑 ∙ 𝐼𝑞 ) 
In order to maximize the torque density, it is desirable to increase 𝜆𝑃𝑀  by reducing the leakage 
flux. Embedding the magnetic material completely inside the rotor structure wastes a 
significant proportion of the flux produced by the magnet. The flux is consumed in leakage 
components of the rotor respect to SPM motor. To obviate this drawback may be introduced 
airspace flux barriers or interpose magnets, as illustrated in Figure 5. 
 
 
 
FIGURE 5 LEAKAGE FLUX REDUCTION BY INTRODUCING AIRSPACE FLUX BARRIERS OR INTERPOSE MAGNETS 
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The permanent magnet flux can also be increased by utilizing flux focusing, employing two 
magnets per pole Figure 6 in which case it is possible to reach a rather high air gap flux density 
in no-load conditions. 
 
FIGURE 6 FLUX FOCUSING 
The torque density can also be enhanced by increasing the saliency ratio, as illustrated in Figure 
7: 
 
FIGURE 7 SALIENT RATIO IMPROVEMENT 
When the IPM machine is characterized by high anisotropy and moderate PM flux, it is often 
referred to as PM assisted synchronous reluctance (PMSR) machine which is became SRM once 
the magnet are totally removed. 
The basic design principle for a reluctance motor is to create a magnetic structure that provides 
minimum magnetic reluctance in one direction and maximum reluctance in the orthogonal 
direction. 
As show in Figure 8 a simplified two pole solid rotor is shown in two position. In the figure on 
the left the rotor is positioned so that the stator coil is between d- and q-axis in such a way as 
to provide a not minimum reluctance path. Due to the increased reluctance, less magnetic flux 
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is able to flow and a torque is exerted on the rotor in a direction that will decrease the amount 
of reluctance. The Figure 8 on the right the torque has caused the rotation of the rotor which 
is aligned along the q-axis with the stator coil, producing the minimum reluctance path. 
 
 
FIGURE 8 TWO POLE ROTOR STRUCTURE 
In this position no torque is exerted on the rotor the maximum flux flow throw the rotor. 
Mainly there are three different types manner to obtain the anisotropic rotor structures, 
Figure 9: 
 
FIGURE 9 ROTOR DESIGN FOR A SRM:  
A) SIMPLE SALIENCY POLE ROTOR 
B) AXIAL LAMINATED ANISOTROPY ROTOR     C) TRANSVERSALLY LAMINATED ANISOTROPIC ROTOR 
22 
 
The first one has a salient pole rotor, which is obtain by removing some iron material from 
each q-axis direction in the transversal direction, Figure 9A. 
The second one has an axial laminated rotor, to construct such a rotor, sheets of magnetic 
steel are bent into U shapes and stacked together, separated by sheets of magnetically passive 
materials the resulting stacks are connected through pole holders to the central region to 
which the shaft is connected Figure 9B. This design has produced higher saliency ratios than 
transverse laminations, but these motors are difficult to mass produce.  
The third one has a rotor with punched barriers in the traditional way and between each other 
there are thin ribs. The rotor has a radial lamination as usual and the barriers can be fill with 
magnets if necessary, Figure 9C. 
In practice, the better suitability of transversally laminated structure to industrial 
manufacturing is evident, in fact the rotor can be manufactured using standard mass 
production techniques similar to those use for induction motors in this case the rotor 
lamination can be punched as a whole. 
The axially laminated structure, on the other hand, is theoretically appealing, because it looks 
the nearest to an ideal “distributed anisotropic structure”. 
Regarding torque ripple, this is due to the rotor magnetic reaction to stator slot harmonics, as 
explained in [13]. Of course, a torque ripple is present also in the transverse type of motor. 
However, in this case the rotor can be easily skewed, while this is clearly unpractical for an 
axially laminated rotor. On the other hand, stator skewing is normally avoided, because it is a 
disadvantage when using automatic winding facility.  
In this theses will be taken in account only the third rotor topology, since the third topology 
allows the insertion of the magnets in the barriers gap in order to obtain a motor previously 
defined PMSR which has the structure that can satisfy the requirement in term of torque 
density and at the same time reduce the PMs and then the motor cost. 
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2. THEORETICAL ANALYSIS  
 
2.1 THE PHASE COORDINATE MODEL 
In the following a phase coordinate model based on the stator equations is presented. 
The assumption are: sinusoidal air gap flux density, neglected iron losses, linear behavior of 
the magnetic materials and neglected of the slot effect on the inductances.  
The voltage-current relations in phase coordinate are:  
[
𝑉𝑎
𝑉𝑏
𝑉𝑐
] =  [
𝑅 0 0
0 𝑅 0
0 0 𝑅
]  ∙  [
𝐼𝑎
𝐼𝑏
𝐼𝑐
] + 
𝑑
𝑑𝑡
[
𝜆𝑎
𝜆𝑏
𝜆𝑐
] 
[𝑉] = [𝑅] ∙ [𝐼] +
𝑑
𝑑𝑡
[𝜆]                                                                                 (1) 
The flux-current relations in phase coordinate are: 
[
𝜆𝑎
𝜆𝑏
𝜆𝑐
] =  [
𝐿𝑎𝑎 𝐿𝑎𝑏 𝐿𝑎𝑐
𝐿𝑏𝑎 𝐿𝑏𝑏 𝐿𝑏𝑐
𝐿𝑐𝑎 𝐿𝑐𝑏 𝐿𝑐𝑐
]  ∙   [
𝐼𝑎
𝐼𝑏
𝐼𝑐
] + [
𝜆𝑃𝑀𝑎
𝜆𝑃𝑀𝑏
𝜆𝑃𝑀𝑐
] 
[𝜆] = [𝐿] ∙ [𝐼] + [𝜆𝑃𝑀]                                                                                 (2)                                                                                                                                   
Assuming a machine isotropic and symmetric, the self-inductance are: 
𝐿𝑎𝑎 = 𝐿𝑙 + 𝐿𝑚 + 𝐿𝑣 ∙ cos (2𝜗𝑚) 
𝐿𝑏𝑏 = 𝐿𝑙 + 𝐿𝑚 + 𝐿𝑣 ∙ cos (2𝜗𝑚 −
2
3⁄ 𝜋) 
𝐿𝑐𝑐 = 𝐿𝑙 + 𝐿𝑚 + 𝐿𝑣 ∙ cos (2𝜗𝑚 −
4
3⁄ 𝜋) 
The mutual-inductance are: 
𝐿𝑎𝑏 = −
1
2⁄ 𝐿𝑚 + 𝐿𝑣 ∙ cos (2𝜗𝑚 −
2
3⁄ 𝜋) 
𝐿𝑏𝑐 = −
1
2⁄ 𝐿𝑚 + 𝐿𝑣 ∙ cos (2𝜗𝑚) 
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𝐿𝑎𝑐 = −
1
2⁄ 𝐿𝑚 + 𝐿𝑣 ∙ cos (2𝜗𝑚 −
4
3⁄ 𝜋) 
The Permanent magnets flux linkage are: 
𝜆𝑃𝑀𝑎 = 𝜆𝑝𝑚  ∙ 𝑐𝑜𝑠(𝜗𝑚) 
𝜆𝑃𝑀𝑎 = 𝜆𝑝𝑚  ∙ 𝑐𝑜𝑠(𝜗𝑚 −
2
3⁄ 𝜋) 
𝜆𝑃𝑀𝑎 = 𝜆𝑝𝑚  ∙ 𝑐𝑜𝑠(𝜗𝑚 −
4
3⁄ 𝜋) 
If (2) is replaced in (1), it may be obtained the following: 
[𝑉] = [𝑅] ∙ [𝐼] +
𝑑[𝐿]
𝑑𝑡
· [𝐼] + [𝐿] ·
𝑑[𝐼]
𝑑𝑡
+
𝑑
𝑑𝑡
[𝜆𝑃𝑀]                                            (3) 
From (3), multiply [𝐼]𝑇 it may be obtained the power balance: 
[𝐼]𝑇 ∙ [𝑉] = [𝐼]𝑇 ∙ [𝑅] ∙ [𝐼] + [𝐼]𝑇 ∙
𝑑[𝐿]
𝑑𝑡
[𝐿] · [𝐼] + [𝐼]𝑇 ∙ [𝐿] ·
𝑑
𝑑𝑡
[𝐼] + [𝐼]𝑇 ∙
𝑑
𝑑𝑡
[𝜆𝑃𝑀]     (4) 
it can be demonstrated that 
𝑑([𝐼]𝑇 ∙ [𝐿] ∙ [𝐼])
𝑑𝑡
= 2 ∙ [𝐼]𝑇 ∙ [𝐿] ∙
𝑑[𝐼]
𝑑𝑡
+ [𝐼]𝑇 ∙
𝑑[𝐿]
𝑑𝑡
∙ [𝐼] 
So that (4) became 
[𝐼]𝑇 ∙ [𝑉] = [𝐼]𝑇 ∙ [𝑅] ∙ [𝐼] +
1
2
∙
𝑑([𝐼]𝑇 ∙ [𝐿] ∙ [𝐼])
𝑑𝑡
+
1
2
∙ [𝐼]𝑇 ∙
𝑑[𝐿]
𝑑𝑡
∙ [𝐼] + [𝐼]𝑇 ∙
𝑑
𝑑𝑡
[𝜆𝑃𝑀] 
 
 
 
 
Where the first member is the total electric power, the first element of the second member 
represents the Joule losses, the second one is the stored electromagnetic energy and the last 
two terms represent the mechanical power. 
𝑃𝑚 = 𝑇𝑒𝑚 ∙ 𝛺 =  
1
2
∙ [𝐼]𝑇 ∙
𝑑[𝐿]
𝑑𝑡
∙ [𝐼] + [𝐼]𝑇 ∙
𝑑
𝑑𝑡
[𝜆𝑃𝑀]                                  (5) 
𝑃𝑒 𝑃𝑗𝑜𝑢𝑙𝑒  𝑑𝑊𝑚
𝑑𝑡
 
𝑃𝑚 
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From equation (5) can be obtain 
𝑇𝑒𝑚 ∙ 𝑤 𝑝⁄ =  
1
2
∙ [𝐼]𝑇 ∙
𝑑[𝐿]
𝑑𝑡
∙ [𝐼] + [𝐼]𝑇 ∙
𝑑
𝑑𝑡
[𝜆𝑃𝑀]       
𝑇𝑒𝑚 =
𝑝
𝑤⁄ [
1
2
∙ [𝐼]𝑇 ∙
𝑑[𝐿]
𝑑𝜗𝑚
∙
𝑑𝜗𝑚
𝑑𝑡
[𝐼] + [𝐼]𝑇 ∙
𝑑[𝜆𝑃𝑀]
𝑑𝜗𝑚
∙
𝑑𝜗𝑚
𝑑𝑡
] 
𝑇𝑒𝑚 =
𝑝
𝑤⁄ ∙ [
1
2
∙ [𝐼]𝑇 ∙
𝑑[𝐿]
𝑑𝜗𝑚
∙ 𝑤 ∙ [𝐼] + [𝐼]𝑇 ∙
𝑑[𝜆𝑃𝑀]
𝑑𝜗𝑚
∙ 𝑤] 
𝑇𝑒𝑚 = 𝑝 ∙ [
1
2
∙ [𝐼]𝑇 ∙
𝑑[𝐿]
𝑑𝜗𝑚
∙ [𝐼] + [𝐼]𝑇 ∙
𝑑[𝜆𝑃𝑀]
𝑑𝜗𝑚
]                                       (6) 
Where p is the pole pairs numbers, w is the electrical speed, θm is the electrical angle between 
the permanent magnet axis and the phase A winding axis. 
𝜗𝑚(𝑡) =  ∫𝑤(𝜏)
𝑡
0
𝑑𝜏 + 𝜗𝑚(0) 
The equation (6) shows that the electromagnetic torque is composed by two terms: the first 
one is due to the anisotropy of the rotor structure, while the second one is due to the mutual 
interaction between the two electromagnetic fields generated by the stator winding and by 
the magnets placed on the rotor. Adding the equation that describes the mechanical balance 
on the shaft, it may be obtained the complete mathematical model in phase coordinate of a 
permanent magnet motor, which is a non-linear model of the fifth order: 
 
[𝑉] = [𝑅] ∙ [𝐼] +
𝑑[𝐿]
𝑑𝑡
· [𝐼] + [𝐿] ·
𝑑[𝐼]
𝑑𝑡
+
𝑑
𝑑𝑡
[𝜆𝑃𝑀]                                                                            
𝑇𝑒𝑚 = 𝑝 ∙ [
1
2
∙ [𝐼]𝑇 ∙
𝑑[𝐿]
𝑑𝜗𝑚
∙ [𝐼] + [𝐼]𝑇 ∙
𝑑[𝜆𝑃𝑀]
𝑑𝜗𝑚
]                                                                           (7) 
𝑇𝑒𝑚 − 𝑇𝑟 − 𝐵
𝑤
𝑝
=
1
𝑝
∙ 𝐽 ∙
𝑑𝑤
𝑑𝑡
                                                                                                                  
𝑤 = 
𝑑𝜗𝑚
𝑑𝑡
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2.2 EQUIVALENT CIRCUIT MODEL 
The purpose of this chapter is to discuss techniques for analyzing the electrical performance 
characteristics of an IPM machine based on electrical equivalent circuit models for the machine 
derived in the synchronously rotating reference frame. Representation of the d-axis and q-axis 
components of the machine variables as complex vectors provides a powerful means of 
graphically illustrating the amplitudes and spatial orientations of these variables in the 
machine. This complex-plane representation of the machine phase currents will be used to 
investigate the performance limits of the machine at high speeds when operating from a 
source that is restricted by maximum voltage and current limits. 
The most convenient manner of analyzing sinusoidal PM synchronous machines uses 
instantaneous current, voltage, and flux linkage phasors is a synchronously rotating reference 
frame locked to the rotor. 
As indicated in Figure 10, the direct axis is aligned with the permanent magnet flux linkage 
phasor λPM, so the quadrature axis is aligned with the resulting back-emf phasor E.  
 
FIGURE 10 ROTATING D-Q AXES REFERENCE FRAME 
The number 1, 2, 3 correspond to Phase A, B, C and the electromechanical angle θr is 
highlighted between the rotor pole d-axis and the Phase A axis. By using this reference system, 
Park transformation, it is possible to describe any three phase system with sinusoidal 
quantities with only one vector in a plane, if the three phase system does not contain a 
homopolar component. 
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The Park transformation is based on the following matrix: 
[𝑇(𝜗𝑟)] =
2
3
∙
[
 
 
 cos (𝜗) cos (𝜗 −
2
3⁄ ∙ 𝜋) cos (𝜗 −
2
3⁄ ∙ 𝜋)
−sin (𝜗) −sin (𝜗 − 2 3⁄ ∙ 𝜋) −sin (𝜗 −
4
3⁄ ∙ 𝜋)
1
2⁄
1
2⁄
1
2⁄ ]
 
 
 
 
The relation between the two reference systems is 
?̅?𝑑𝑞𝑜 = [𝑇(𝜗𝑟)] ∙ ?̅?𝑎𝑏𝑐          
?̅?𝑎𝑏𝑐 = [𝑇(𝜗𝑟)]
−1 ∙ ?̅?𝑑𝑞𝑜                                                               (8) 
Considering the general equation   ?̅?𝑎𝑏𝑐 = [𝐾] ∙ ?̅?𝑎𝑏𝑐   replacing (8) in each vector is obtain 
[𝑇(𝜗𝑟)]
−1 ∙ ?̅?𝑑𝑞𝑜 = [𝐾] ∙ [𝑇(𝜗𝑟)]
−1 ∙ ?̅?𝑑𝑞𝑜 
From which 
[𝐾]𝑑𝑞𝑜 = [𝑇(𝜗𝑟)] ∙ [𝐾] ∙ [𝑇(𝜗𝑟)]
−1 
Replacing the relations above (8) into the electrical equation (1) is obtain 
[𝑉]𝑑𝑞𝑜 = [𝑅]𝑑𝑞𝑜 ∙ [𝐼]𝑑𝑞𝑜 + [𝑇(𝜗𝑟)] ∙
𝑑
𝑑𝑡
([𝑇(𝜗𝑟)]
−1 ∙ [𝜆]𝑑𝑞𝑜) = 
= [𝑅]𝑑𝑞𝑜 ∙ [𝐼]𝑑𝑞𝑜 + [𝑇(𝜗𝑟)] ∙
𝑑[𝑇(𝜗𝑟)]
−1
𝑑𝑡
∙
𝑑𝜗𝑟
𝑑𝑡
∙ [𝜆]𝑑𝑞𝑜 + [𝑇(𝜗𝑟)] ∙ [𝑇(𝜗𝑟)]
−1 ∙
𝑑[𝜆]𝑑𝑞𝑜
𝑑𝑡
 
Where  
𝑤𝑚 =
𝑑
𝑑𝑡
𝜗𝑟  ,    [𝐾] = [𝑇(𝜗𝑟)] ∙
𝑑
𝑑𝑡
[𝑇(𝜗𝑟)]
−1 = [
0 −1 0
1 0 0
0 0 0
],   [𝑇(𝜗𝑟)] ∙ [𝑇(𝜗𝑟)]
−1 = 1 
[𝑉]𝑑𝑞𝑜 = [𝑅]𝑑𝑞𝑜 ∙ [𝐼]𝑑𝑞𝑜 + 𝑤𝑚 ∙ [𝐾] ∙ [𝜆]𝑑𝑞𝑜 +
𝑑
𝑑𝑡
[𝜆]𝑑𝑞𝑜                                  (9) 
Once replacing the equation (8) into the (2) one may obtain 
[𝜆]𝑑𝑞𝑜 = [𝐿]𝑑𝑞𝑜 ∙ [𝐼]𝑑𝑞𝑜 + [𝜆𝑃𝑀]𝑑𝑞𝑜                                                         (10) 
where 
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[𝐿]𝑑𝑞𝑜 = [
𝐿𝑑 0 0
0 𝐿𝑞 0
0 0 𝐿𝑜
] ;   ‖
𝐿𝑑 = 𝐿𝑙 +
3
2
∙ (𝐿𝑚 + 𝐿𝑣) = 𝐿𝑙 + 𝐿𝑚𝑑
𝐿𝑞 = 𝐿𝑙 +
3
2
∙ (𝐿𝑚 + 𝐿𝑣) = 𝐿𝑙 + 𝐿𝑚𝑞
𝐿𝑜 = 𝐿𝑙
‖ ;  [𝜆𝑃𝑀]𝑑𝑞𝑜 = [
𝜆𝑃𝑀
0
0
] 
from equation (9) and (10), the scalar form can be written as: 
𝑉𝑑 = 𝑅 ∙ 𝐼𝑑 + 𝐿𝑑 ∙
𝑑𝐼𝑑
𝑑𝑡
− 𝑤𝑚 ∙ 𝐿𝑞 ∙ 𝐼𝑞 
𝜆𝑑 = 𝐿𝑑 ∙ 𝐼𝑑 + 𝜆𝑃𝑀 
𝑉𝑞 = 𝑅 ∙ 𝐼𝑞 + 𝐿𝑞 ∙
𝑑𝐼𝑞
𝑑𝑡
+ 𝑤𝑚 ∙ 𝐿𝑑 ∙ 𝐼𝑑 + 𝑤𝑚 ∙ 𝜆𝑃𝑀 
𝜆𝑞 = 𝐿𝑞 ∙ 𝐼𝑞 
𝑉𝑜 = 𝑅 ∙ 𝐼𝑜 +
𝑑(𝐿𝑜 ∙ 𝐼𝑜)
𝑑𝑡
 
𝜆𝑜 = 𝐿𝑜 ∙ 𝐼𝑜 
 
Using the rotor reference frame is possible to obtain a machine model with three independent 
equivalent circuit, since generally the system is symmetric three phase the third circuit 
(homopolar) is null so is possible obtain the model with only two independent equivalent 
circuit. 
In the similar manner like in the phase coordinate model, the power balance can be obtain 
multiplying the voltage equation for the respective currents and summing term by term 
𝑉𝑑𝐼𝑑 + 𝑉𝑞𝐼𝑞 = 𝑅 ∙ [𝐼𝑑
2 + 𝐼𝑞
2] + 𝐿𝑑 ∙ 𝐼𝑑
𝑑
𝑑𝑡
(𝐼𝑑) + 𝐿𝑞𝐼𝑞
𝑑
𝑑𝑡
(𝐼𝑞) + 𝑤𝑚 ∙ 𝜆𝑃𝑀 ∙ 𝐼𝑞                           (11) 
 
 
 
Where Pe is the input electric power, Pjoule is dissipated joule losses by the phase resistance, 
Wm is the magnetic energy and Pem is the electromechanical power. The ratio  
2
3
  in equation 
2
3⁄ ∙ 𝑃𝑒 
2
3⁄ ∙ 𝑃𝑗𝑜𝑢𝑙𝑒 2 3⁄ ∙
𝑑𝑊𝑚
𝑑𝑡
 
2
3⁄ ∙ 𝑃𝑒𝑚 
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(11) allow to maintain the energy conservation during the transformation from stationary 
reference frame to the d, q rotating reference frame. 
Taken into account that  
𝑃𝑒𝑚 = 𝑇𝑒𝑚 ∙ 𝑤𝑚 
The torque equation can be expressed as  
𝑇𝑒𝑚 =
3
2
∙ 𝑝 ∙ 𝜆𝑃𝑀𝐼𝑞 +
3
2
∙ 𝑝 ∙ (𝐿𝑑 − 𝐿𝑞) ∙ 𝐼𝑑 ∙ 𝐼𝑞                                   (12) 
This fundamental equation (12) highlights the main advantage of rotor magnetic anisotropy 
i.e. its torque is composed by the sum of two components: the torque due to PM flux and that 
due to the anisotropic structure of the rotor. 
Resuming the equations, by the reference system model d-q, for an IPM machine is: 
        [𝑉]𝑑𝑞𝑜 = [𝑅]𝑑𝑞𝑜 ∙ [𝐼]𝑑𝑞𝑜 + 𝑤𝑚 ∙ [𝐾] ∙ [𝜆]𝑑𝑞𝑜 +
𝑑
𝑑𝑡
[𝜆]𝑑𝑞𝑜 
         [𝜆]𝑑𝑞𝑜 = [𝐿]𝑑𝑞𝑜 ∙ [𝐼]𝑑𝑞𝑜 + [𝜆𝑃𝑀]𝑑𝑞𝑜 
          𝑇𝑒𝑚 =
3
2
∙ 𝑝 ∙ 𝜆𝑃𝑀𝐼𝑞 +
3
2
∙ 𝑝 ∙ (𝐿𝑑 − 𝐿𝑞) ∙ 𝐼𝑑 ∙ 𝐼𝑞 
           𝑇𝑒𝑚 − 𝑇𝑟 − 𝐵
𝑤
𝑝
=
1
𝑝
∙ 𝐽 ∙
𝑑𝑤
𝑑𝑡
 
Using well-known rotating reference frame techniques described above, coupled equivalent 
circuits can be developed for the direct and quadrature axes, as shown in Figure 11.  
 
FIGURE 11 IPM MACHINE DQ-FRAME EQUIVALENT CIRCUITS 
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𝑉𝑑 = 𝑅 ∙ 𝐼𝑑 + 𝐿𝑑 ∙
𝑑𝐼𝑑
𝑑𝑡
− 𝑤𝑚 ∙ 𝐿𝑞 ∙ 𝐼𝑞       𝑉𝑞 = 𝑅 ∙ 𝐼𝑞 + 𝐿𝑞 ∙
𝑑𝐼𝑞
𝑑𝑡
+ 𝑤𝑚 ∙ 𝐿𝑑 ∙ 𝐼𝑑 + 𝑤𝑚 ∙ 𝜆𝑃𝑀    (13) 
𝜆𝑑 = 𝐿𝑑 ∙ 𝐼𝑑 + 𝜆𝑃𝑀                                    𝜆𝑞 = 𝐿𝑞 ∙ 𝐼𝑞                                                                     (14) 
Note that the magnet flux linkage source represented by the equivalent current source Ich 
appears in the d-axis circuit, while the resulting back emf appears as a dependent voltage 
source in the q-axis circuit as a component of wm ·λd.  
As defined in Figure 11, the equivalent magnet flux linkage source current Ich, referred to 
henceforth as the IPM machine characteristic current, equals the magnet flux linkage divided 
by the d-axis machine inductance: 
𝐼𝑐ℎ =
𝜆𝑃𝑀
𝐿𝑑
⁄                                                                     (15) 
This characteristic current is an important parameter of the IPM machine that influences 
several aspects of the IPM machine’s performance characteristics including extended high- 
speed operation and fault-mode performance. 
IPM machines with a single magnet barrier in each pole typically provide Lq/Ld ratios in the 
vicinity of 3, while novel axially-laminated designs have been reported with elevated 
inductance saliency ratios of 7 or higher [8].  
Because of the importance of the relative values of Lq and Ld  a machine parameter ξknown 
as the “saliency ratio” is defined as follows: 
𝜉 =
𝐿𝑞
𝐿𝑑
⁄                                                                        (16) 
The feature of this parameter will be discuss in the paragraph below. 
 
2.3 IPM TORQUE PRODUCTION CHARACTERISTICS IN D-Q 
CURRENT PLANE 
The dq-frame representation discussed in the previous section and substituting the polar 
coordinate of the current leads to the following general expression for the instantaneous 
torque developed in an IPM machine: 
𝑇𝑒𝑚 =
3
2
∙ 𝑝 ∙ 𝜆𝑃𝑀 ∙ 𝐼 ∙ cos(𝑝ℎ𝑖𝑑𝑞) +
3
2
∙ 𝑝 ∙ (𝐿𝑑 − 𝐿𝑞) ∙ 𝐼 ∙ cos(𝑝ℎ𝑖𝑑𝑞) ∙ sin(𝑝ℎ𝑖𝑑𝑞)        (17)  
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From equation (12) it is evident the hybrid nature of permanent magnet synchronous motors, 
that is the possibility to produce the permanent magnet torque (the first term on the rightmost 
side) and the reluctance torque (the second term on the rightmost side). Note that the 
homopolar component of all quantities can be disregarded because the stator winding has 
usually a star connection. 
From equation (17) we can observe the two components of the torque that are show in Figure 
12. 
 
FIGURE 12 MAGNET, ANISOTROPY AND TOTAL TORQUE IN AN IPM 
Replacing the salient ratio ξ express in (16) and the equivalent current Ich express in equation 
(15) may be obtain 
𝑇𝑒𝑚 =
3
2
∙ 𝑝 ∙ [𝜆𝑃𝑀𝐼𝑞 + (𝐿𝑑 − 𝐿𝑞) ∙ 𝐼𝑑 ∙ 𝐼𝑞] =
3
2
∙ 𝑝 ∙ 𝐿𝑑 ∙ [𝐼𝑐ℎ ∙ 𝐼𝑞 − 𝐼𝑞 ∙ 𝐼𝑑 ∙ (𝜉 − 1)]            (18) 
Since Lq is typically larger than Ld in IPM machines, it is worth noting that Id and Iq must have 
opposite polarities in order for the second term to contribute a positive torque component. 
The rightmost expression for the torque in terms of the characteristic current Ich and the 
saliency ratio ξis another sign of the importance of these two parameters in determining the 
IPM machine’s performance characteristics. 
Each of the two terms in the torque equation (18) has a useful physical interpretation. The first 
"magnet" torque term is independent of Id but is directly proportional to stator current 
component iq which is in-phase with the back emf. In contrast, the second "reluctance" torque 
term in (18) is proportional to the Id and Iq current component product and to the difference 
in the inductance values along the two axes (Ld and Lq). This interpretation emphasizes the 
hybrid nature of the salient-pole IPM machine. Note that the torque is not linearly proportional 
to the stator current amplitude in the presence of magnetic circuit saliency. 
32 
 
The relative amplitudes of the magnet and reluctance torque terms in (18) are set during the 
machine design process by choosing the rotor topology and adjusting the magnet and rotor 
saliency dimensions in order to vary the relative amplitudes of λPM and (Ld - Lq). 
In order to gain more insight into the torque production characteristics of the IPM machine, it 
is helpful to use the dq current plane in which the d-axis current component Id is plotted along 
the horizontal axis and the q-axis component Iq is plotted along the vertical axis. 
 
 
FIGURE 13 CONSTANT TORQUE IPM MACHINE IN d-q CURRENT PLANE 
Figure 13 shows plots of several constant-torque lines for an IPM machine. These constant 
torque loci have hyperbolic shapes because of the Id and Iq product term that appears in the 
torque equation (18). The presence of the reluctance torque component in (17) is directly 
responsible for this important feature. 
The entire dq current plane is broken into four quadrants with motoring torque in two of the 
diagonal quadrants, and generating operation in the other diagonal pair. There are two 
orthogonal lines that serve as the boundaries for these quadrants, corresponding to the loci 
for zero torque. As can be seen in Figure 13, the horizontal axis (Iq = 0) serves as one of these 
boundaries, while the vertical line defined by Id = λPM / (Lq - Ld) serves as the second zero torque 
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locus. Closer inspection reveals that this second-zero torque locus corresponds to the locus of 
all points where non-zero values of magnet torque are canceled by the reluctance torque. 
 
2.4 CURRENT LIMIT CIRCLE AND VOLTAGE LIMIT ELLIPSE 
In many cases, the desired torque-speed operating envelope has features illustrated in Figure 
14. This figure highlights the presence of the so called constant torque operating range at low 
speeds below the corner base speed  where the maximum torque is limited by the maximum 
available stator current Imax. The voltage limit is not a factor in this low-speed operating range 
until the corner base speed  is reached at which point the envelope operating point is 
characterized by the machine operating simultaneously at the current and voltage limits (Vmax). 
 
FIGURE 14 IDEALIZED TORQUE VS SPEED AND POWER VS SPEED CAPABILITY CURVES FOR VARIABLE-SPEED DRIVE  
The drive operating regime above this corner speed is commonly referred to as the “constant 
power” range even though the envelope for a particular machine drive may not actually follow 
a constant-power trajectory. Throughout this operating range, the envelope operating points 
are determined by machine excitation by Imax and Vmax. Since the machine stator flux is 
determined by the ratio of the applied voltage to the excitation frequency, the fact that the 
voltage is constant at its limit while the speed increases means that this operating regime is 
characterized by reduced stator flux as the rotor speed increases. For the idealized conditions 
illustrated in Figure 14, the torque falls off as the reciprocal of the rotor speed (i.e. 1/Speed) 
so that the delivered output power is exactly constant. 
PM synchronous machines suffer from an inherent disadvantage in applications that require a 
wide speed range of constant-power operation. More specifically, the magnet flux linkage λPM 
is essentially fixed so that the resulting back emf voltage E continues to increase linearly as the 
rotor speed is increased, despite the fact that the available terminal voltage is limited to Vmax.  
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The important quantity that determines the stator terminal voltage is actually the d-axis flux 
linkage λd that was defined in (14) and repeated here for convenience: 
𝜆𝑑 = 𝐿𝑑 ∙ 𝐼𝑑 + 𝜆𝑃𝑀 
This equation suggests that the amplitude of λd can be reduced despite the fixed nature of the 
magnet flux linkage λPM by adding d-axis current with a negative polarity. This technique, 
referred to henceforth as flux weakening, uses the d-axis ‘armature reaction’ flux linkage (Ld 
Id) to counteract the magnet flux linkage in order to reduce the total d-axis flux linkage λd . 
it is worth noting that if yhr equation above is solved to determine the value of d-axis current 
Id  needed to drive the d-axis magnetic flux linkage to zero, the answer is none other than the 
characteristic current with negative polarity: 
𝐼𝑑 = −
𝜆𝑃𝑀
𝐿𝑑
⁄ = −𝐼𝑐ℎ                                                   (19)   
The underlying reason for this advantage is the fact that IPM machines inherently have an extra 
degree of freedom in their design that makes it possible to adjust the relative contributions of 
the magnet torque and the reluctance torque to the machine’s total torque production. By 
reducing the magnet torque in favor of more reluctance torque, the value of the magnet flux 
linkage λPM can be reduced significantly in comparison to its value in a surface PM machine 
designed for the same application. As a result, the value of the IPM machine’s characteristic 
current Ich can be reduced, meaning that less d-axis current is needed to counteract the magnet 
flux linkage. This makes it significantly easier to achieve effective flux weakening in an IPM 
machine, providing it a significant advantage when wide speed ranges of constant-power 
operation are desired. 
Another feature illustrated in Figure 15 that will prove very useful later in the discussion of 
flux-weakening operation of the IPM machine at high rotor speeds is the current limit circle.  
Assuming that the available current from the source supplying the IPM machine is limited to 1 
pu (rated current = Imax), a locus can be conveniently drawn in the figure connecting all points 
that correspond exactly to this limiting condition. In fact, this current limit condition 
corresponds to a circle that can easily defined by the following equation: 
𝐼𝑠 = √𝐼𝑑
2 + 𝐼𝑞2 = 1                    [𝑖𝑛 𝑝𝑒𝑟 𝑢𝑛𝑖𝑡]               (20)                                                                                       
In order to satisfy this maximum current limit condition, the machine current vector Is must 
always terminate either inside or on the current limit circle shown in Figure 15. Any point 
outside of this current limit circle corresponds to an overcurrent condition for the source that 
is supplying electrical power to the machine. 
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The inverter source for an IPM machine imposes a current limit and a voltage limit that, in 
combination with the machine parameters determine the machine’s torque vs speed and 
power vs speed capability curves.  
Similar to the constraining current relationship expressed in (20), the voltage vector length 
cannot exceed the limiting value Vmax. If the voltages are normalized using Vmax as the rated 
voltage and base voltage, the limiting equation is: 
𝑉𝑚𝑎𝑥 = √𝑉𝑑
2 + 𝑉𝑞2 = 1                      [𝑖𝑛 𝑝𝑒𝑟 𝑢𝑛𝑖𝑡]                (21)                                                                               
The steady-state equations for the d- and q-axis stator voltages expressed in terms of 
corresponding axis currents can then be substituted into (21) to derive the desired constraint 
in the dq current plane. More specifically, the stator voltage equations in (13) can be evaluated 
for steady-state conditions by setting the dI/dt terms to zero. In addition, the resistive voltage 
drop terms in the stator voltage equations will be deleted because they are invariably much 
smaller than the cross coupled back-emf voltage terms at high speeds. 
The voltage limit equation in the dq current plane can then be derived by substituting (13) into 
(21) and dividing through by w2·Ld2, leading to: 
(𝐼𝑑 +
𝜆𝑃𝑀
𝐿𝑑
)
2
+ (
𝐿𝑞
𝐿𝑑
)
2
∙ 𝐼𝑞
2 = (
𝑉𝑚𝑎𝑥
𝐿𝑑
)
2
∙
1
𝑤2
      [𝑖𝑛 𝑝𝑒𝑟 𝑢𝑛𝑖𝑡]                (22) 
This expression can be simplified by applying the definitions for the characteristic current and 
saliency ratio in (15) and (16), leading to: 
(𝐼𝑑 + 𝐼𝑐ℎ)
2 + (𝜉)2 ∙ 𝐼𝑞
2 = (
𝑉𝑚𝑎𝑥
𝐿𝑑
)
2
∙
1
𝑤2
      [𝑖𝑛 𝑝𝑒𝑟 𝑢𝑛𝑖𝑡]                    (23) 
This voltage limit equation defines an ellipse in the dq current plane that is centered on the 
negative d-axis at Id = -Ich with major and minor radii of Vmax/(Ld·w) and Vmax/(Lq·w) oriented in 
the d- and q-axis directions, respectively, as shown in Figure 15. 
The voltage limit constraint equation (22) includes the rotor angular frequency w so that both 
the major and minor radii of the voltage limit ellipse are inversely proportional to this 
frequency. At any particular speed, the dimensions of the voltage ellipse are fixed. However, 
both radii of the ellipse gradually shrink as the rotor speed increases as shown in Figure 15, 
although the center of the ellipse never moves from Id = -Ich. This means that the available 
range of stator current vectors is increasingly limited as the speed increases. 
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In the actual drive, the IPM machine must simultaneously satisfy the voltage and current limit 
constraints at all times. That is, the acceptable operating area in the dq current plane for the 
stator current vector at any particular rotor speed value is anywhere in the intersection of the 
current limit circle and the voltage limit ellipse that applies for that particular speed. 
The Figure 15 shows the acceptable operating range for stator current vector consisting of the 
interaction of the current limit circle and the voltage limit ellipse corresponding. When the 
speed is low, the radii of the voltage limit ellipse is sufficiently large that the intersection area 
consists of the entire current limit circle. 
 
FIGURE 15 VOLTAGE AND CURRENT LIMITS 
In this regime, the maximum torque operating point on this envelope consists of the 
intersection of the MTPA trajectory and the current limit circle. 
When operating on the envelope of the capability curve, the operating point will stay at this 
intersection point of the MTPA trajectory and current limit circle as the speed gradually 
increases. This condition persists until the voltage limit ellipse shrinks sufficiently in size so that 
the ellipse intersects this same maximum torque operating point as well. This condition occurs 
at the corner point base speed (see Figure 15) at which the drive transitions between the 
constant-torque and constant-power regimes. Under these conditions, the machine is 
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delivering its maximum possible torque while simultaneously operating at its voltage and 
current limits (Vmax and Imax). 
As the speed increases so that the operating point moves counterclockwise along the current 
limit circle, the amplitude of the negative d-axis current increases while the q-axis current 
decreases. This gradual increase in negative d- axis current corresponds to higher levels of flux 
weakening as the rotor speed increases, consistent with the process described earlier in 
Section 1.6. 
 
2.5 IPM MACHINE CAPABILITY CURVES 
There are three distinct cases of IPM flux weakening operation differentiated by values of the 
IPM machine’s characteristic current Ich. These three cases will serve to highlight the 
importance of the characteristic current in determining the machine’s high-speed 
performance capabilities. 
Case 1 
If the IPM machine characteristic current Ich is greater than the current limit Imax, it can be 
shown that there is a finite maximum rotor speed above which the IPM machine cannot 
operate and deliver any useful average torque. The reason for this behavior becomes quite 
apparent by inspecting the migration of the machine’s operating point at high speeds in the 
dq current plane, an example of which is provided in Figure 16. In this particular case, the value 
of the characteristic current is 30% higher than the maximum current limit. 
The machine operating point will migrate clockwise along the current limit circle at speeds 
above the corner point speed base speed, tracking the intersection of the current limit circle 
and the voltage limit ellipse at each progressively higher value of rotor speed. Eventually, the 
rotor speed reaches a sufficiently high value that the intersection of the current limit circle and 
the voltage limit consists of a single point with the rightmost edge of the voltage limit ellipse 
falling on the leftmost edge of the current limit circle (Id = -1, Iq =0). 
For the case of Vmax = Imax = 1, equation (23) can be readily solved to determine this maximum 
rotor speed at which the torque drops to zero: 
𝑤𝑚𝑎𝑥 =
1
𝐿𝑑 ∙ (𝐼𝑐ℎ − 1)
                                                         (24) 
This relationship indicates that the upper limit on the rotor speed range drops inversely with 
the characteristic current. 
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This observation is particularly important with respect to SPM machines which have a value of 
the characteristic current in surface PM machines can be significantly greater than 1 p.u.  This 
provides some insight into why the maximum speed value for SPM machines with conventional 
distributed windings is often quite low. 
 
FIGURE 16 CURRENT VECTOR TRAJECTORY ICH > IMAX 
Case 2 
Equation (24) suggests that the maximum limit on the rotor speed will increase if the machine’s 
characteristic current can be reduced. The maximum rotor speed becomes infinite for the 
limiting case of equality between the machine’s characteristic current and the current limit. 
This is a very important condition that can be considered optimum for flux weakening 
operation. 
Figure 17 shows the dq current plane with Ich = Imax = 1. For this special case, the center of the 
voltage limit ellipse lies right on the leftmost point of the current limit circle (Id =1, Iq =0). As a 
result, the intersection of the current limit circle and the voltage limit ellipse never drops to 
the null set as the speed increases to any elevated value, despite the shrinkage in size of the 
ellipse. Thus, the operating point is able to follow the current limit circle clockwise at its 
intersection with the voltage limit ellipse all the way down to negative d-axis. 
39 
 
The output power asymptotes to a constant value as the rotor speed continues to increase, 
reflecting the fact that the drop in torque is being exactly compensated by the increase in 
speed so that the output power is staying nearly constant. 
 
FIGURE 17 CURRENT VECTOR TRAJECTORY ICH = IMAX 
Achieving this condition is a task for the machine designer, and some additional insights into 
the requirements for achieving optimal flux weakening. 
 
Case 3 
The third case that needs to be considered is associated with the conditions of characteristic 
current values that are less than the current limit value. This is a realistic condition that can be 
encountered in some IPM machine designs if the machine is dominated by reluctance torque 
production so that the magnet torque contribution is comparatively small. 
Figure 18 shows the d-q current plane for a conditions with a relatively low value of 
characteristic current.One similarity between this case and Case 2 discussed above is that the 
intersection of the current limit circle and the voltage limit ellipse never shrinks to the null set 
as the rotor speed increases to any finite value. This suggests that the deliverable output power 
will never drop to zero at any speed, unlike the characteristics observed in Case 1. 
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However, the fact that the center of the voltage limit ellipses lies inside the current limit circle 
means that there will be a finite rotor speed above which the voltage limit ellipse no longer 
intersects the current limit circle. The optimum flux weakening trajectory for the current 
vector as shown previously in Figure 18. There is a finite rotor speed above which it is best to 
move the stator current vector inside the current limit circle in order to extract the maximum 
machine torque in this speed regime, more specifically, the operating points that resides on 
the voltage limit ellipse where the torque is the maximum is MTPV maximum torque per volt. 
 
 
FIGURE 18 CURRENT VECTOR TRAJECTORY ICH < IMAX 
2.6 IRON SATURATION AND CROSS SATURATION 
In previous discussion an ideal machine has been supposed. However, especially for 
anisotropies machines (IPM and PMSR), it is necessary to take into account the effects due to 
the iron magnetic saturations in order to thoroughly study the performance of the motor. 
As explain in the chapter begin the hypothesis in support of d-q reference frame model is the 
linear behavior of the magnetic materials. 
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As show in (10), since the inductance matrix form is diagonal, the model can be analyzed as 
three independent circuit. Once the liner magnetic condition is not applicable the model has 
not the same rightness in fact the inductance matrix became a full matrix. Moreover the 
magnetic characteristics cannot be expressed through linear equations and constant values of 
inductances.     
In a scenario of a slight saturation, becoming aware of the approximation that this means, it is 
possible to refer to a model above taking into account the inductances variability respect to 
the current values. 
The flux of one axis depends mainly to the respective current and secondarily to the current 
of the other axis: this behavior is called cross saturation effect. So the flux linkage equations 
became: 
𝜆𝑑(𝑡) = 𝜆𝑑(𝑖𝑑(𝑡), 𝑖𝑞(𝑡)) 
𝜆𝑞(𝑡) = 𝜆𝑞(𝑖𝑑(𝑡), 𝑖𝑞(𝑡)) 
Accordingly this portion saturation due to one current determines variations of flux in the 
other axis, even if the current of the latter remains constant.  
Therefore the voltage equations results: 
𝑢𝑑 = 𝑅 ∙ 𝑖𝑑 +
𝑑𝜆𝑑(𝑖𝑑, 𝑖𝑞)
𝑑𝑡
− 𝑤 ∙ 𝜆𝑞(𝑖𝑑, 𝑖𝑞) 
𝑢𝑞 = 𝑅 ∙ 𝑖𝑞 +
𝑑𝜆𝑞(𝑖𝑑, 𝑖𝑞)
𝑑𝑡
+ 𝑤 ∙ 𝜆𝑑(𝑖𝑑, 𝑖𝑞) 
Where the fluxes derivative respect to the time is: 
𝑑𝜆𝑑(𝑖𝑑, 𝑖𝑞)
𝑑𝑡
=
𝜕𝜆𝑑(𝑖𝑑, 𝑖𝑞)
𝜕𝑖𝑑
𝑑𝑖𝑑
𝑑𝑡
+
𝜕𝜆𝑑(𝑖𝑑, 𝑖𝑞)
𝜕𝑖𝑞
𝑑𝑖𝑞
𝑑𝑡
 
𝑑𝜆𝑞(𝑖𝑑, 𝑖𝑞)
𝑑𝑡
=
𝜕𝜆𝑞(𝑖𝑑, 𝑖𝑞)
𝜕𝑖𝑞
𝑑𝑖𝑞
𝑑𝑡
+
𝜕𝜆𝑞(𝑖𝑑, 𝑖𝑞)
𝜕𝑖𝑑
𝑑𝑖𝑑
𝑑𝑡
 
Differential inductances are defined as the slope of the magnetic characteristic at a particular 
current: 
?̃?𝑑(𝑖𝑑) =
𝜕(𝜆𝑑(𝑖𝑑, 𝑖𝑞))
𝜕𝑖𝑑
          ?̃?𝑞(𝑖𝑞) =
𝜕(𝜆𝑞(𝑖𝑑, 𝑖𝑞))
𝜕𝑖𝑞
 
and for the reciprocity property the mutual different inductance is 
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?̃?𝑚,𝑑𝑞(𝑖𝑑, 𝑖𝑞) =
𝜕𝜆𝑑(𝑖𝑑, 𝑖𝑞)
𝜕𝑖𝑞
=
𝜕𝜆𝑞(𝑖𝑑, 𝑖𝑞)
𝜕𝑖𝑑
= ?̃?𝑚,𝑞𝑑(𝑖𝑑, 𝑖𝑞) 
In Figure 19 below are shown a trend example of the cross saturation which is due to the 
saturation of the magnetic circuit portions common to the d- and q-axis effect or rather the 
relation between d-axis flux and q-axis flux respect to iq and id respectively.  
 
FIGURE 19 D-AXIS AND Q-AXIS FLUX FOR DIFFERENT IQ AND ID RESPECTIVELY 
In order to simplify the model the cross saturation effect can be neglected so assuming that 
PM flux linkage is only in d-axis:  
𝜆𝑃𝑀 = 𝜆𝑑              𝑓𝑜𝑟 𝑖 = 0 
The magnetic characteristics have to be described by the following equations: 
𝜆𝑑(𝑖𝑑) = 𝜆𝑃𝑀 + 𝜆𝑑
𝑖 (𝑖𝑑) 
𝜆𝑞(𝑖𝑞) = 𝜆𝑞
𝑖 (𝑖𝑞) 
In Figure 20 an example of ideal and real magnetic characteristics of both axes are reported. 
The incremental inductances are defined as the slope of the straight line which connects one 
point of the magnetic characteristic with the point (0,𝜆𝑃𝑀) in d-axis case, or point (0,0) in q-
axis case: 
𝐿𝑑(𝑖𝑑) =
𝜆𝑑(𝑖𝑑) − 𝜆𝑃𝑀
𝑖𝑑
               𝐿𝑞(𝑖𝑞) =
𝜆𝑞(𝑖𝑞)
𝑖𝑞
 
The differential inductance are defined as: 
?̃?𝑑(𝑖𝑑) =
𝜕𝜆𝑑(𝑖𝑑)
𝜕𝑖𝑑
      ?̃?𝑞(𝑖𝑞) =
𝜕𝜆𝑞(𝑖𝑞)
𝜕𝑖𝑞
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From the Figure 20 is easy to understand that the indicative factor of the transition from a 
linear scenario to a non-linear is the cessation of the uniformity values between the 
incremental inductances and differential ones. 
 
FIGURE 20 MAGNETIC FLUX AS FUNCTIONS OF ITS CURRENT IN IDEAL AND REAL CASES 
In Figure 21 below are shown an example of the d-axis and q-axis inductance 𝐿𝑞 and 𝐿𝑑 trend 
for different id and iq values for an IPM motor.  
The inductances in Figure 22 show the value as a function of the current phase angle at the 
rated armature current for an IPM motor. It is shown that 𝐿𝑑   as well as 𝐿𝑞  vary depending on 
the current phase angle. 
For a scenario of a slight saturation, in order to identify the torque vs speed trend for the full 
load condition, having due attention, is possible simplify the model considering 𝐿𝑑(𝜙𝑑𝑞) and 
𝐿𝑞(𝜙𝑑𝑞) incremental inductance values for different current phase angle 𝜙𝑑𝑞. 
 
FIGURE 21 𝐿𝑑  VS 𝑖𝑑  AND 𝐿𝑞  VS 𝑖𝑞 
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FIGURE 22 𝐿𝑑  AND 𝐿𝑞VS CURRENT PHASE ANGLE 𝜙𝑑𝑞  
This simplification brings into account in an approximate way both the effects related to the 
variation of the fluxes with respect to both current. 
With this considerations the torque equation (12) and the voltage equation (22) can be write 
as: 
𝑇𝑒𝑚 =
3
2
∙ 𝑝 ∙ [𝜆𝑃𝑀𝑖𝑞 + (𝐿𝑑(𝜙𝑑𝑞) − 𝐿𝑞(𝜙𝑑𝑞)) ∙ 𝑖𝑑 ∙ 𝑖𝑞]                                (25) 
𝑤 =
𝑉𝑚𝑎𝑥
𝑝 ∙ √(𝜆𝑃𝑀 + 𝐿𝑑(𝜙𝑑𝑞) ∙ 𝑖𝑑)2 + (𝐿𝑞(𝜙𝑑𝑞) ∙ 𝑖𝑞)2
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3. FEM MODELING AND REFERENCE 
MACHINE 
 
3.1 FINITE ELEMENT ANALYSIS 
To provide and validate some results has been used Finite Element software which use a 
numerical technique based on the determination of the distribution of the electromagnetic 
fields inside the machine structure, by means of the Maxwell’s equations solution. 
When the FEM method is used, the whole analysis domain is divided in elementary 
subdomains, called "finite elements", and the field equations are applied to each of them. The 
FEM analysis is organized in four steps: 
 
FIGURE 23 PLANAR SYMMETRY 
Partition of the domain: the domain in divided in sub domains in order to obtain the mesh of 
the structure. 
Choice of the interpolating function: the function that approximates the trend of the magnetic 
vector potential. 
Formulation of the system to resolve the field problem: the system equation is obtain by 
vibrational or residual method. 
Solution of the problem: the solution is obtained solving such a system of equations. 
Post-processing: computation of the electromagnetic quantities. 
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Although the electrical machine are three dimensional structures, a 3D analysis requires heavy 
processing and long computation time. The field problem is reduced to a two dimensional 
analysis, using the machine symmetry. In rotating machines the planar symmetry is adopted: 
it is assumed that the magnetic fields are identical on each plane that is normal to the rotation 
axis, as shown in Figure 23. Thus the study is carried out only on the plane, and the effect of 
the ending edges of the machines are considered separately. 
The magneto static field problem is described by the equation: 
?̅? = 𝜇 ∙ ?̅?        ∇ ∙ ?̅? = 0         ∇ × ?̅? = −𝐽 ̅           Since        ∇ ∙ ∇ × B̅ = 0                     
The magnetic potential vector A is define so that 
?̅? = ∇ × ?̅? 
In the 2D analysis, the current density vector 𝐽 ̅ has only component normal to the plane (x, y), 
that is, it has only z axis component i.e. 𝐽 ̅ = [ 0, 0,  𝐽𝑧 ]. 
Consequently, the magnetic vector potential ?̅? has only z axis component, i.e. ?̅? is parallel to 𝐽,̅ 
so that ?̅? = [ 0, 0,  𝐴𝑧 ]. 
The magnetic flux density vector ?̅? stays on the plane (x, y), being 
?̅? = ∇ × [ 0, 0,  𝐴𝑧 ] =  [
𝜕𝐴𝑧
𝜕𝑥
,
𝜕𝐴𝑧
𝜕𝑦
, 0]   
From the equation ∇ × ?̅? = 𝐽 ̅can be obtain 
𝜕
𝜕𝑥
1
𝜇𝑥
𝜕𝐴𝑧
𝜕𝑥
+
𝜕
𝜕𝑦
1
𝜇𝑦
𝜕𝐴𝑧
𝜕𝑦
= −𝐽𝑧 
In homogenous media with 𝜇𝑥 = 𝜇𝑦 = 𝜇 the equation above reduces to Poisson’s equation 
𝜕2𝐴𝑧
𝜕2𝑥
+
𝜕2𝐴𝑧
𝜕2𝑦
= −𝜇 ∙ 𝐽𝑧 
 
3.2 BOUNDARY CONDITION  
The assignment of the boundary conditions assumes a fundamental importance in the solution 
of the field problem. In addition, the choice of the boundary conditions not only influences 
significantly the final solution, but also can reduce the domain under study. 
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The Dirichlet’s boundary condition corresponds to assign the value of Az on a given part of the 
boundary, the value that is assigned is constant, so that each point of the boundary assumes 
the same value of Az. If the flux lines are tangential to the boundary itself, and no flux line 
crosses (as show in Figure 24) that boundary the condition is Az = 0 along all external 
circumference. 
 
FIGURE 24 DIRICHLET’S BOUNDARY CONDITION 
 
FIGURE 25 NEUMANN’S CONDITION 
The structure appears symmetric with respect to each d-axis, both geometrically and 
magnetically, and each sixth of the machine is exactly the mirrored image of the other parts, 
with respect to the d-axis. The structure can be simplified as sketched in Figure 24, imposing 
the Dirichlet's condition along the boundary defined by the d-axis. 
When the flux line are force to be perpendicular to the boundary line the boundary condition 
name is Neumann. 
As the Dirichlet condition is possible reduce the geometry, as show in Figure 25, it is easy to 
observe that the motor appears symmetric with respect to each q-axis, both geometrically and 
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magnetically, and each part of the machine is exactly the mirrored image of the other parts, 
with respect to the q-axis. Since the flux density components have not to be discontinuous, 
the flux lines must be perpendicular to the q-axis. 
Now pay attention at the machine show in Error! Reference source not found.A, it exhibits a 
umber of pole pairs p=3, that is a recurrence with respect the azimuthal coordinateequal to 
3. It is possible to study only a third of the machine, as represented in Error! Reference source 
ot found.B, by imposing on the boundary that 
𝐴𝑧(𝑟, 𝜗) = +𝐴𝑧 ∙ (𝑟, 𝜗 + (2𝑘) ∙
𝜋
𝑝
) 
That is an even periodic condition. It is also possible to study only a sixth of the machine, as 
shown in Figure 26.C, by imposing on the boundary that 
𝐴𝑧(𝑟, 𝜗) = −𝐴𝑧 ∙ (𝑟, 𝜗 + (2𝑘 − 1) ∙
𝜋
𝑝
) 
That is an odd periodic condition. 
    
                      (A)                                                          (B)                                                                (C)  
FIGURE 26 REDUCTION OF THE ANALYSIS DOMAIN BY MEANS OF THE PERIODIC CONDITION 
   As it is evident in the examples above, the study of a complex structure may be reduced to a 
part only, assigning suitable boundary conditions, this implies the advantage in term of 
computation time using the same accuracy or greater accuracy spending the same 
computation time.  
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3.3 REFERENCE MOTOR 
The characteristics of the reference machine assumed as a case study is reported below, 
highlighting the weak points of its present design. 
The follow analysis is about check if the reference motor design satisfy the requirement and 
analyze the mains electromagnetic performance. The aim is find where is possible to act in 
order to improve the motor performance. 
The motor requirements are shown in following Table: 
 
 Value Unit 
N° Phase 3 - 
Rated Torque 100 Nm 
Rated Speed 2800 rpm 
Torque at Maximum Speed >20 Nm 
Maximum Speed 14000 rpm 
Voltage (rms) <146 Volt 
Current (pick) 200 A 
Power 30 Kw 
Efficiency >92 % 
Torque ripple <5 % 
Cooling System Water Jacket - 
Water Temperature 100 °C 
TABLE 1 MOTOR REQUIREMENTS 
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The geometrical parameters of the reference motor design are shown below: 
 
 
FIGURE 27 GEOMETRICAL DIMENSIONS 
How show in Figure 27 the rotor has three barriers which have a total thickness of 10 mm 
distributed in a different manner on each one. The most external barrier is fill with the 
permanent magnet of NdFeB.  
The stator has a distributed winding topology with 6 slot per pole pair. 
Since the cooling system of the motor is water cooling, the current density permissible is 
around 10-15 A/mm2. 
In this case having a slot surface of 192 mm2 and considering a fill factor of 0.5 and 8 series 
conductor per phase the current density is 12 A/mm2, which is in generally an allowable value. 
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Each turn has 4 parallels wire with a section of 2.011 mm2 and a diameter value of 1.6 mm in 
order simplify the assembly process of the windings. 
The geometrical parameter are shown in the table below: 
 Value Unit 
Pole pairs 5 - 
N° Slot 30 - 
Outer Stator Diameter  
(Rs,out) 
250 mm 
Outer Rotor Diameter 
(Rr,out) 
82.5 mm 
Gap 1.5 mm 
Total Axial Length 130 mm 
Slot Surface 192 mm2 
Tooth width 10.7 mm 
Slot Opening 3.6 mm 
Slot Depth 
(S,d) 
23 mm 
Thickness Barrier 1 
(b,1) 
3.18 mm 
Thickness Barrier 2 
(b,2) 
2.853 mm 
Thickness Barrier 3 
(b,3) 
3.6 mm 
Angle Barrier 1  
(a,1) 
8.65 deg 
Angle Barrier 2 
(a,2) 
11.9 deg 
Angle Barrier 3 
(a,3) 
14.94 deg 
TABLE 2 GEOMETRICAL PARAMETERS 
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To analyze the motor performance has been used a finite element software, in order to reduce 
the computation time (Section 3.2) has been simulated a fraction of the motor, as show in 
Figure 28, using Neumann’s condition.  
 
                                              (A)                                                                                        (B) 
FIGURE 28 FEM MODEL REFERENCE MOTOR 
The stator is constituted by JNHF and the rotor is constituted by HXT. In the Figure 29 below 
are shown the permeability characteristic of each material: 
 
 
FIGURE 29 MAGNETIC PERMEABILITY STATOR AND ROTOR MATERIAL 
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In the follow are show the main no load results of the reference motor design: 
 
FIGURE 30 NO LOAD LINKAGE FLUXES PHASE A-B-C 
 
 
FIGURE 31 NO LOAD VOLTAGE PHASE A-B-C 
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FIGURE 32 AIR GAP RADIAL AND TANGENTIAL FLUX DENSITY 
 
 
FIGURE 33 RADIAL AIR GAP FLUX DENSITY AND FIRST HARMONIC 
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FIGURE 34  RADIAL AIR GAP FLUX DENSITY AMPLITUDE AND PHASE HARMONICS 
 
 
FIGURE 35 NO LOAD FLUX LINKAGE PHASE A AND FIRST HARMONIC  
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FIGURE 36 LINKAGE FLUX PHASE-A AMPLITUDE AND PHASE SPECTRUM 
 
 
FIGURE 37 NO LOAD VOLTAGE PHASE A AND FIRST HARMONIC 
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FIGURE 38 NO LOAD VOLTAGE PHASE A AMPLITUDE AND PHASE SPECTRUM 
 
 
FIGURE 39 COGGING TORQUE 
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FIGURE 40 COGGING TORQUE AMPLITUDE AND PHASE SPECTRUM 
 
In the follow is shown the average torque value for different current angles and the torque 
profile at the maximum torque angle of the motor with PMs mounted.  
 
FIGURE 41 AVERAGE TORQUE FOR DIFFERENT CURRENT ANGLES 
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FIGURE 42 MAXIMUM TORQUE PROFILE AND AVERAGE TORQUE 
 
In the follow is shown the average torque value for different current angles and the torque 
profile at the maximum torque angle of the motor without PM.  
 
FIGURE 43 AVERAGE TORQUE FOR DIFFERENT CURRENT ANGLES 
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FIGURE 44 MAXIMUM TORQUE PROFILE AND AVERAGE TORQUE 
 
In Figure 45 is shown the profile and the first harmonic of the phase-A voltage in full load 
condition.  
 
FIGURE 45 VOLTAGE PROFILE AND FIRST HARMONIC PHASE A 
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In Error! Reference source not found. are show the trend of the flux density during the whole 
otor rotation taken in the specific point in the middle of the Back Iron and in the middle of the 
tooth respectively in full load condition. 
 
FIGURE 46 FLUX DENSITY BACK IRON 
 
 
FIGURE 47 FLUX DENSITY TOOTH 
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As explain in section 2.7 the values of Ld and Lq vary with the current angle value due to 
materials saturation. In Figure 48 are show the trend values. 
 
FIGURE 48 LD AND LQ VS CURRENT ANGLE 
In Figure 49, Figure 50 below are show the current value of Id and Iq in flux weakening zones 
and the (peak) voltage vs speed profile respectively.   
 
FIGURE 49 TRAJECTORIES OF ID AND IQ 
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FIGURE 50 VOLTAGE VS SPEED 
 
In Figure 51 is shown the torque vs speed profile for whole operability speed range. 
 
FIGURE 51 TORQUE VS SPEED 
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The spectrum of the air gap flux density evidence a relevant 3th and 5th harmonic order which 
are not filtered by the winding in fact they are reappear again in Figure 36 and Figure 38. This 
harmonic content can increase the iron losses and a consequent efficiency penalization. 
As show in Figure 41 the nominal torque requirement is satisfy with a current angle of 120 
which is permit to obtain the maximum torque. From the comparison Figure 41 and Figure 43 
the insertion of the magnet in the outer barrier allow a power factor correction and the 
achievement of the desired nominal torque at cost of a high torque ripple value.  
However the size of the magnet and the number of turns of the stator winding chosen meet 
the requirement of the voltage limit in term of first harmonic as show in Figure 45. 
The flux density in the tooth (Figure 47) have a value included in standard range (< 1.8 T), while 
the back iron (Figure 46) seems a little bit underused (generally around 1.2-1.4 T).   
As explain in section (1.7) the values of Ld and Lq vary with the current values due to materials 
saturation. In order to defined the flux weakening strategy at full load condition are obtained 
the Ld(ϕdq) and Lq(ϕdq) values for different current angles as show in Figure 48.   
As show in Figure 51 the zone 1 is that at constant torque. The motor is supplied with the 
maximum torque per ampere strategy (MTPA). The zone 2 is the constant power zone 
(v·i=constant) and the zone 3 is supplied with the maximum torque per voltage strategy 
(MTPV). As show in Figure 51 the motor design meets the requirements in terms of nominal 
torque at nominal speed and torque at the maximum speed.  
The aspect that can be improved surely is related to the torque ripple, this issue will be 
analyzed in chapter 6. 
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4. COMPARISON BETWEEN DISTRIBUTED 
AND TOROIDAL WINDING 
 
4.1 INTRODUCTION 
The objectives of the following chapter is analyze which are the draw back and benefits 
adopting the toroidal winding configuration. The first step is evaluate the electro-magnetic 
performance variation of the toroidal winding respect to the conventional winding.  
The stator parameters as outer and inner diameter, slot shape and the rotor structure has been 
maintain as the reference design. In addition to the first stator has been adopted, as show in 
Figure 52, an external housing in aluminum which is contains the path winding closing. 
The second part of the chapter is investigated the performance in term of efficiency of each 
winding topology and verify which are the geometrical features (number pole pairs and D/L 
ratio) that permit increase the performance.     
 
4.2 COMPARISON BETWEEN THE TWO WINDING TOPOLOGIES 
In the follow the electromagnetic comparison between the new stator design set with toroidal 
winding configuration and conventional winding configuration respectively is presented in 
order to establish any performance changes, checking the advantage and drawbacks in term 
of electromagnetic and efficiency performance. 
Below is shown the new winding configuration (toroidal winding) which has the conductor 
wound around the joke. 
As shows in Figure 52, the slot conductors distribution has be unchanged respect to the 
distributed winding and the closing path are located in the same radial coordinate. 
This topology implies the doubling of the axial conductor numbers. At the same time, since the 
conductor are wrapped around the joke the end winding will be shorter than the conventional 
winding.  
In order to reduce the computation time (Section 3.2) has been simulated a fraction of the 
motor, as show in Figure 52, using Neumann’s condition.  
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(A)                                                                                                    (B) 
FIGURE 52 TOROIDAL WINDING DESIGN 
In the Figure 53  below are shown the magnetic maps of each motor topology in full load 
condition: 
 
FIGURE 53 ELECTROMAGNETICS MAPS FULL LOAD CONDITION 
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The flux density maps, under the same full load condition, show that there are not major 
difference between the two winding topologies. 
In addition the torque profile calculated by fem simulation of both winding topologies, show 
in Figure 55, have exactly the same profile. 
In Figure 54 is show the trend of the flux density during the whole rotor rotation taken in the 
specific point in the middle of the Back Iron: over the slot and over the tooth respectively in 
full load condition.  
The flux density for each winding topologies have almost the similar trend: 
 
 
 
FIGURE 54 FLUX DENSITY IN TWO JOKE POSITION 
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FIGURE 55 TORQUE PROFILE DISTRIBUTED AND TOROIDAL WINDING 
In conclusion we can say that in term of main performance the toroidal winding motor doesn’t 
have different respect to the conventional winding because the external conductor do not 
participate to the electro-mechanical transformation therefore, there are not correlation 
between the position of the outer path winding closing in terms of main electromagnetic 
performance so the best position of the external conductor is one that allows to reduce the 
end winding length how show in Figure 52. 
The comparison continue in term of efficiency, calculating the axial windings length and 
estimating the end windings length. 
To estimate the end winding length for distributed winding have been used the follow empiric 
equation (26):  
𝐿𝑒𝑛𝑔𝑡ℎ𝐸𝑛𝑑 𝑊𝑖𝑛𝑑𝑖𝑛𝑔 = [(0.083 ∙ 𝑝 + 1.217) ∙  
𝑝 ∙ 𝐷𝑔𝑎𝑝 + 𝑦
2 ∙ 𝑝
+ 0.02]                 (26) 
Where Dgap is the diameter of the middle gap, p is the pole pairs, y is the depth of the slot. 
The end winding length have to be multiplied by n°EWd which is the end winding numbers.  
The end winding length of toroidal winding has been estimated considering the half 
circumference with the center in middle between the barycentres of two conductor internal 
and external respectively, Dss. 
𝐿𝑒𝑛𝑔𝑡ℎ𝐸𝑛𝑑 𝑊𝑖𝑛𝑑𝑖𝑛𝑔 =
𝐷𝑠𝑠 ∙ 𝜋
2
                                                                                             (27) 
The end winding length have to be multiplied by n°EWt which is the end winding numbers that 
will be different respect to the distributed winding. 
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The efficiency can be express as: 
𝜂 =
𝑃𝑚𝑒𝑐ℎ
𝑃𝑒𝑙
⁄  
Where 
𝑃𝑒𝑙 = 𝑃𝑚𝑒𝑐ℎ + 𝑃𝐿𝑜𝑠𝑠                      𝑃𝐿𝑜𝑠𝑠 = (𝑃𝐶𝑢 + 𝑃𝑓𝑒 + 𝑃𝑃𝑀 + 𝑃ℎ𝑜𝑢𝑠𝑖𝑛𝑔 + 𝑃𝑎𝑑𝑑) 
The Pfe, which is include eddy current and magnetization losses, has been calculated using 
Steinmetz equation: 
𝑃𝑓𝑒 = 𝐾ℎ ∙ 𝑓
𝛼 ∙ 𝐵𝛽 + 𝐾𝑒 ∙ (𝑠 ∙ 𝑓 ∙ 𝐵)
2 
The Padd has been calculate as 0.1% of total losses which is include friction bearing losses and 
additional losses. 
 
Efficiency comparison at nominal current and nominal speed (2800 rpm): 
 
 
I 
[A] 
 
J 
[A/mm2] 
Length 
Axial 
Conductor 
[mm2] 
Length 
End 
Winding 
[mm2] 
Axial 
Conductor 
Losses 
[watt] 
End 
Winding 
Losses 
[watt] 
Stator 
Iron 
Losses 
[watt] 
Distributed 
Winding 
200 12 3900 4788 885 1087 218 
Toroidal 
Winding 
200 12 7800 2050 1777 636 218 
 
 
Rotor 
Iron 
Losses 
[watt] 
Magnets 
Losses 
[watt] 
Housing 
Losses 
[watt] 
Maximum 
Torque 
[watt] 
Mechanical 
Power 
[watt] 
Electric 
Power 
[watt] 
Efficiency 
[%] 
Distributed 
Winding 
9 102 - 117 34280 36810 93.1 
Toroidal 
Winding 
9 102 743 117 34383 37953 90.5 
TABLE 3 EFFICIENCY COMPARISON BETWEEN TOROIDAL AND DISTRIBUTED WINDING 
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As show in the table above the toroidal winding has a less efficiency value than the distributed 
winding because the axial winding length is not compensate to the end winding reduction so 
for this geometrical motor size there are not benefits, in term of efficiency, adopting the 
toroidal winding configuration. 
In the next section will be investigate how the length of the winding varies with the motor 
geometry  and the pole pairs numbers in order to know when a technology is better than other 
in efficiency terms.  
 
4.3 COMPARISON FOR DIFFERENT D/L RATIO AND POLE PAIR 
NUMBER 
Let us start from the consideration that the motor efficiency comparison between toroidal 
winding and distributed is mainly focuses on the length winding which are closely related with 
the motor geometry. 
The axial conductor length, as is obvious, depend from the axial motor length, while the end 
winding length is related to the winding topology which is related to the diameter of the motor, 
moreover the end winding of toroidal motor is related to the thickness of the joke which is 
generally is connect to the joke flux density. 
A comparison between the two winding topologies in terms of efficiency performance are 
presented, maintaining the reference motor structure, with the intention to define the best 
motor size range (D/L ratio) for different pole pair numbers such as to make the toroidal 
winding an advantageous technology in terms of efficiency performance. 
Below there is a correlation between the flux density in the joke and the pole pair number: 
Consider a Motor A with a low pole pair number and a Motor B with a high pole pair number 
each one with same materials, equal diameter and with same rotor geometry. 
The flux per pole of the Motor A will be greater than Motor B so in the joke at the centerline 
of two consecutive poles will be necessary have a greater joke thickness than Motor B in order 
to have the same flux density.      
The Magnetic Flux per pole is 
𝛹𝑝 = 𝐵𝑚 ∙ 𝐴𝑚 
Where Am is the surface of the magnet which is 
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𝐴𝑚 =
𝜋 ∙ 𝐷𝑚
2 ∙ 𝑝
∙ 𝑙 ∙ 𝐾𝑚,𝑝 ≈
𝜋 ∙ 𝐷𝑔𝑎𝑝
2 ∙ 𝑝
∙ 𝑙 ∙ 𝐾𝑚,𝑝 
Where Dm is the magnet diameter that can be approximate with diameter in the middle of the 
gap, l is the axial motor length, 𝐾𝑚,𝑝 correspond to the arc fraction of the pole pitch which is 
cover to the surface of the magnet (magnet pole pitch). 
By substituting in the first equation can be obtain 
𝛹𝑝 = 𝐵𝑚 ∙
𝜋 ∙ 𝐷𝑔𝑎𝑝
2 ∙ 𝑝
∙ 𝑙 ∙ 𝐾𝑚,𝑝 
The Back Iron Flux Density is  
𝐵𝑏𝑖 =
𝛹𝑝
2 ∙ 𝛿 ∙ 𝑙
 
Where δ is the back iron thickness, by substituting in the equation above we obtain that 
𝐵𝑏𝑖 =
𝐵𝑚 ∙ 𝜋 ∙ 𝐷𝑔𝑎𝑝
4 ∙ 𝑝 ∙ 𝛿
∙ 𝐾𝑚,𝑝 
From which equation we can find a correlation between Back Iron thickness and pole pairs 
number as show below 
𝛿 =
𝐵𝑚 ∙ 𝜋 ∙ 𝐷𝑔𝑎𝑝
𝐵𝑏𝑖 ∙ 4 ∙ 𝑝
∙ 𝐾𝑚,𝑝 
Once fix the flux density values, Bm flux density magnet and Bbi flux density back iron, is possible 
estimate the variation of winding length for the two different winding topologies to vary the 
D/L ratio and pole pair number.  
The assumption are:  
 Constant value of slot depth (y) 
 Back iron flux density 1.3 T (Bba), magnet flux density 1.18 T (Bm) 
 Magnet pole pitch 60% of the pole pitch, 𝐾𝑚,𝑝=0.6 
 
The total winding length can be estimate as follow: 
𝐿𝐷𝑖𝑠𝑡 𝑊 = 𝑙 ∙ 𝐾𝑝,𝑙 ∙ 𝑛°𝑠𝑙𝑜𝑡 + [(0.083 ∙ 𝑝 + 1.217) ∙  
𝑝 ∙ 𝐷𝑔𝑎𝑝 + 𝑦
2 ∙ 𝑝
+ 0.02] ∙ 2 ∙ 𝑛°𝐸𝑊𝑑         (28) 
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𝐿𝑇𝑜𝑟𝑜𝑖𝑑𝑎𝑙 𝑊 = 𝑙 ∙ 𝐾𝑝,𝑙 ∙ 𝑛°𝑠𝑙𝑜𝑡 ∙ 2 +
𝐷𝑠𝑠 ∙ 𝜋
2
∙ 𝑛°𝐸𝑊𝑡                                                                         (29) 
Where 𝐾𝑝,𝑙 is the coefficient of packaging laminations.  
The results are shown in the following Error! Reference source not found.: 
 
 
FIGURE 56 COMPARISON WINDING LENGTH: TOROIDAL VS DISTRIBUTED 
 
The Table 4 below are resumed the D/L ratio value for each pole pair number such that the 
windings length for both windings topology have the same length.  
Pole 
Pairs 
2 3 4 5 6 7 8 9 10 
D/L Classic 6.2 4 3.2 2.8 2.5 2.2 2 1.9 
TABLE 4 LENGTH WINDING BREAK EVEN FOR DIFFERENT POLE PAIR NUMBER 
For a low pole pair number is necessary a high D/L ratio value in order to be convenient use 
toroidal winding respect to the distributed winding.  
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In conclusion: The results obtained by fem simulation for toroidal winding topology evidence 
main electro-magnetic performance unchanged which means a neutrality of outer conductor 
at the electromechanical transformation.  The best placement of the outer conductor is that 
permit minimize the end windings length. 
The efficiency results obtained show that: 
 For low pole pairs number are necessary high D/L ratio values so that the toroidal 
winding became advantageous.  
 For high pole pairs number are necessary low D/L ratio values so that the toroidal 
winding became advantageous.  
The reference motor, which is adopt 5 pole pairs, the value of D/L=3.2 is the performance 
efficiency break even condition between the two winding topologies. 
In the next chapter will be investigated the thermal model of each windings topology in order 
to check if is possible have some advantage in terms of more thermal efficiency and then verify 
if adopting the new stator structure will be possible exploit better the cooling system bringing 
the contact area between water and copper closer to one to the other.   
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5. THERMAL MODELING AND ANALYSIS  
 
5.1 INTRODUCTION 
Heat transfer always occurs when there is a temperature difference in a system. The 
temperature difference evens out naturally as heat transfers from the higher temperature to 
the lower according to the second law of thermodynamics. In electrical machines, the design 
of heat transfer is of equal importance as the electromagnetic design of the machine, because 
the temperature rise of the machine eventually determines the maximum output power with 
which the machine is allowed to be constantly loaded.  
The process of electromechanical energy conversion in an electric machine is inevitably 
accompanied by a unidirectional transformation of electrical and mechanical into thermal 
energy. 
Machine losses inevitability increase the temperature of all portions of the machine. The 
purpose of cooling is to limit the temperature increase by removing this heat. 
The temperature rise in the machine, especially in its winding, must be limited in order to 
realize the expected lifetime of the machine. An elevated temperature deteriorates the 
mechanical and electrical strength of the winding insulation, the part more sensitive of the 
machine, will lead to its premature failure. 
The lifetime of insulation can be estimated by statistical methods only. However, over a wide 
temperature range, the lifetime shortens exponentially with the temperature rise of the 
machine. A rise of 10 K cuts the lifetime of the insulation by as much as 50%. The machines 
may withstand temporary, often repeated high temperatures depending on the duration and 
height of the temperature peak. A similar shortening of the lifetime applies also to the bearings 
of the motor, in which heat resistant grease can be employed. In critical drives, oil mist 
lubrication can be used, in which case the oil is cooled elsewhere and then fed to the bearings. 
The temperature rise of the winding of an electrical machine increases the resistance of the 
winding. 
A temperature rise of 50 K above ambient (20 ◦C) increases the resistance by 20% and a 
temperature rise of 135 K by 53%. If the current of the machine remains unchanged, the 
resistive losses increase accordingly. The average temperature of the winding is usually 
determined by the measurement of the resistance of the winding. At hot spots, the 
temperature may be 10–20 K above the average. 
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However, problems related to heat transfer can to some degree be avoided by utilizing 
empirical knowledge of the machine constants available. When creating completely new 
constructions, empirical knowledge is not enough, and thorough modelling of the heat transfer 
is required. Finally, prototyping and measurements verify the successfulness of the design. 
Knowledge of the temperature distribution in an electric machine is extremely important for 
its design. This is especially the case when the machine is designed to operate at or near its 
thermal limits in fact an optimization thermal design can help increase machine rated power 
substantially, almost without any increase of its manufacturing costs. 
 
5.2 HEAT REMOVAL 
The heat is removed by convection, conduction and radiation. Usually, the convection through 
air, liquid or steam is the most significant method of heat transfer. Forced convection is, 
inevitably, the most efficient cooling method if we do not take direct water cooling into 
account. The cooling design for forced convective cooling is also straightforward: the designer 
has to ensure that a large enough amount of coolant flows through the machine. This means 
that the cooling channels have to be large enough. If a machine with open circuit cooling is of 
IP class higher than IP 20, using heat exchangers to cool the coolant may close the coolant 
flow. 
If the motor is flange mounted, a notable amount of heat can be transferred through the flange 
of the machine to the device operated by the motor. The proportion of heat transfer by 
radiation is usually moderate, yet not completely insignificant. However, in this work we 
disregard the heat removal by radiation. 
There are two mechanisms of heat transfer by conduction: first, heat can be transferred by 
molecular interaction, in which molecules at a higher energy level (at a higher temperature) 
release energy for adjacent molecules at a lower energy level. Heat transfer of this kind is 
possible between solids, liquids and gases. 
The second means of conduction is heat transfer between free electrons. This is typical of 
liquids and pure metals in particular. The thermal conductivity of solids depends directly on 
the number of free electrons. Pure metals are the best heat conductors. Fourier’s law gives 
the heat flow transferred by conduction 
𝜙𝑡ℎ = − 𝜆(𝑇) ∙ 𝛥𝑇 ∙  𝑆                                                                     (30) 
where 𝜙𝑡ℎ is the heat flow rate, 𝜆(T) the thermal conductivity which one depends on the 
temperature value, 𝑆 the heat transfer area and 𝛥𝑇 the temperature gradient. 
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Thermal conductivity depends on the temperature; a typical property of metallic substances is 
that the thermal conductivity decreases as the temperature increases. On the other hand, an 
insulator’s capability to transfer heat increases as the temperature rises. 
The thermal conductivity of gases increases with increasing temperature and decreasing 
molecular weight. 
The equation for the conduction of heat is simplified if heat is flowing in one direction (x-
coordinate). For an object with a cross sectional area of S and a length l, equation (30) above 
takes the form 
𝜙𝑡ℎ = − 𝜆(𝑇) ∙ 𝑆 ∙
𝑑𝑇
𝑑𝑥
 ≈  −𝜆(𝑇) ∙
𝜃
𝑙
                                                      (31)  
Often, materials are not isotropic but the conductivity varies in different directions. Materials 
are, however, usually considered isotropic in calculations. Materials with high electrical 
conductivity are, generally, also good thermal conductors. On the other hand, the insulators 
used in electrical machines are, unfortunately, usually poor thermal conductors. 
Analogous to the electric resistance, defined as the ratio of the potential difference to the 
current, we can define the thermal resistance Rth as a ratio of the temperature difference θ 
to the heat flow rate, by substituting (31) can be obtain   
𝑅𝑡ℎ =
𝜃
𝜙𝑡ℎ
=  
𝑙
𝜆𝑆
                                                                          (31) 
Here l is the length of the conductor, λ is the thermal conductivity and S the conducting area. 
Next we consider radiation, the second form of heat transfer. Heat radiation is electromagnetic 
radiation, the wavelength of which lies in the range from 0.1 to 100 μm. This wavelength range 
includes visible light, infrared radiation and the long wavelengths of ultraviolet radiation (0.1–
0.4 μm). In contrast to the other two heat exchange phenomena, radiation does not require a 
medium for heat exchange. When radiation meets an object, part of it is absorbed into the 
object, some of it is reflected back from the surface of the object and some may transmit 
through the object. The rate that a surface absorbs radiation energy is denoted by absorptivity 
𝛽, the reflected energy by reflectivity η and the transmitted energy by transmissivity κ. 
The sum of these is equal to one: 
𝛽 + 𝜂 + 𝜅 = 1 
Air consists principally of oxygen and nitrogen, which neither absorb nor emit radiation. Thus, 
the radiation from an electrical machine to its surroundings and inside the machine can be 
assumed to travel only between two surfaces. 
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The heat flow density qth of radiation is defined by the Stefan–Boltzmann equation 
𝑞𝑡ℎ =
𝜙𝑡ℎ
𝑆
= 𝜀𝑡ℎ𝑟 ∙ 𝜎𝑠𝑏 ∙ (𝑇14 − 𝑇24) 
Where T14 is the thermodynamic temperature of the radiating surface, T24 the thermodynamic 
temperature of the absorbing surface, 𝜎𝑠𝑏 the Stefan Boltzmann constant and  𝜀𝑡ℎ𝑟 is the 
relative emissivity between the emitting and absorbing surfaces and depends on the 
characteristics of the surfaces and on the position of surfaces to each other. 
In analogy to conduction, the thermal resistance of radiation is defined as 
𝑅𝑡ℎ =
𝑇14 − 𝑇24
𝜙𝑡ℎ
=
𝑇14 − 𝑇24
𝜀𝑡ℎ𝑟 ∙ 𝜎𝑆𝐵 ∙ (𝑇1 − 𝑇2) ∙ 𝑆
=
1
𝛼𝑟 ∙ 𝑆
 
Where 
𝛼𝑟 = 𝜀𝑡ℎ𝑟 ∙ 𝜎𝑆𝐵 ∙
(𝑇14 − 𝑇24)
(𝑇1 − 𝑇2)
∙ 𝑆 
Which is the heat transfer coefficient of radiation. It depends strongly on the temperatures of 
the emitting and absorbing surfaces.  
The temperature difference between the outer surface of an electrical machine and the 
surroundings is usually about 40 K and the ambient temperature 20° C.  
These leads to obtain 
𝛼𝑟 = 6 
𝑊
𝑚2𝐾
 
The thermal resistance of radiation gives a linearization to radiation heat transfer that is similar 
to convection heat transfer. 
Convection is the third way to transfer heat and it is defined as the heat transfer between a 
region of higher temperature (here, a solid surface) and a region of cooler temperature (a 
coolant) that takes place as a consequence of motion of the cooling fluid relative to the solid 
surface. 
Knowledge of the boundary layers is essential in the analysis of the heat and mass transfer 
between the solid surface and the coolant flowing by the surface. 
To facilitate the calculation process and minimize the number of parameters to be solved, 
certain dimensionless parameters have been generated. Of the numerous such parameters 
available in the literature, the three most important ones when calculating heat transfer from 
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solid surfaces to the coolant are the Nusselt number Nu, the Reynolds number Re and the 
Prandtl number Pr. 
Convection heat transfer coefficient 𝛼 can be expressed with the dimensionless Nusselt 
number Nu as 
𝑁𝑢 =
𝛼 ∙ 𝐿
𝜆
                                                                     (32) 
Where L is the characteristic surface length and λ is the thermal conductivity of the coolant. 
The Nusselt number describes the effectiveness of convection heat transfer compared with 
conduction heat transfer. 
The ratio between inertia and viscous forces is described by the Reynolds number Re and can 
be described by the equation 
𝑅𝑒 =
𝑣 ∙ 𝐿
𝜈
                                                                     (33) 
Where v is the speed of the coolant on the surface, L is the characteristic length of the surface 
and υ is the kinematic viscosity of the coolant. The value of the Reynolds number at which the 
flow becomes turbulent is called the critical Reynolds number Recrit. 
For tubes, the characteristic length is described by the equation 
𝐿 =
4 ∙ 𝑆
𝑙𝑝
 
Where 𝑆 is the area of the tube cross-section and 𝑙𝑝 is the wetted perimeter of the tube. 
The third dimensionless number is the Prandtl number, which describes the relation between 
momentum and thermal diffusivity. In other words, it describes the thickness ratio of the 
velocity and the thermal boundary layers. The Prandtl number is described by the equation 
𝑃𝑟 =
𝐶𝑝 ∙ 𝜇
𝜆
                                                                  (34) 
Where 𝐶𝑝 is the specific heat capacity, 𝜇 the dynamic viscosity and 𝜆 the thermal conductivity 
of the coolant. 
Convection can be divided into forced and natural convection. In forced convection, external 
instruments such as pumps or blowers assist the flow of coolant. Natural convection is caused 
by density variations resulting from temperature differences: as the coolant is heated, it 
changes its density, and the local changes in density in the coolant solid interface result in 
buoyancy forces that cause currents in the coolant.  
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Newton’s law of cooling defines the heat flow density qth created by convection 
𝑞𝑡ℎ =
𝜙𝑡ℎ
𝑆
= 𝛼𝑡ℎ ∙ 𝜃 
And hence the thermal resistance of convection is 
𝑅𝑡ℎ =
𝜃
𝜙𝑡ℎ
=
1
𝛼𝑡ℎ ∙ 𝑆
                                                                (35) 
Here 𝛼𝑡ℎ is the heat transfer coefficient. The value of the heat transfer coefficient depends for 
instance on the viscosity of the coolant, the thermal conductivity, specific heat capacity and 
flow velocity of the medium. Traditionally, the heat transfer coefficient has been defined by 
various empirical correlations. 
In the calculation of an electrical machine, for natural convection in the air around a 
horizontally mounted, unfinned cylindrical motor of diameter D [m] with ambient temperature 
close to room temperature, Miller (1993) employs a correlation depending on the temperature 
difference 𝜃 between the cylinder and the surroundings 
𝛼𝑡ℎ ≈ ( 
𝜃
𝐷
 )
0.25
   [ 
𝑊
𝑚2 ∙ 𝐾
 ] 
Forced convection increases the convective heat transfer coefficient even depending on the 
air velocity. The increase in heat transfer coefficient is approximately proportional to the 
square root of the air velocity v (Miller, 1993) 
𝛼𝑡ℎ ≈ 3.89 ∙  √
𝑣
𝑙
   [ 
𝑊
𝑚2 ∙ 𝐾
 ] 
Here 𝑙 is the length of the frame of the machine in meters and the speed 𝑣 is given in m/s. 
The convection coefficient for an annulus depends on the air-gap length, rotation speed of the 
rotor, the length of the rotor and the kinematic viscosity of the streaming fluid. The Taylor 
equation can be used to determine the flow type and the convection heat transfer coefficient 
in the annulus. 
The Taylor vortices are described by the Taylor number Ta, which describes the ratio of viscous 
forces to the centrifugal forces 
𝑇𝑎 =
𝜌2 ∙ 𝛺2 ∙ 𝑟𝑚 ∙ 𝛿
3
𝜇2
 
Where Ω is the angular velocity of the rotor, ρ the mass density of the fluid, μ the dynamic 
viscosity of the fluid and rm the average of the stator and rotor radii.  
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The radial air-gap length δ and the rotor radius are taken into account by a modified Taylor 
number: 
𝑇𝑎𝑚 =
𝑇𝑎
𝐹𝑔
 
Where Fg is the geometrical factor defined by 
𝐹𝑔 =
𝜋4 [
2 ∙ 𝑟𝑚 − 2.304𝛿
2𝑟𝑚 − 𝛿
]
1697 [0.0056 + 0.0571 (
2𝑟𝑚 − 2.304𝛿
2𝑟𝑚 − 𝛿
)
2
] [1 −
𝛿
2𝑟𝑚
]
2 
In practice, the air-gap length is so small compared with the rotor radius that 𝐹𝑔  is close to unity 
and 𝑇𝑎𝑚≈ 𝑇𝑎. According to [10], the Nusselt’s number is 
Nu Tam 
2 <1700 
0.128 · Tam 0.367 <104 
0.409 · Tam 0.241 <107 
TABLE 5 NUSSELT’S NUMBER FOR DIFFERENT TAYLOR’S NUMBERS 
Which can be used to determine the heat transfer coefficient from the rotor to the air gap and 
from the stator to the air gap (one air-gap surface) by the equation 
𝛼𝑡ℎ =
𝑁𝑢 ∙ 𝜆
𝛿
                                                                  (36) 
where 𝜆 is the thermal conductivity of air. 
In order to define the water (coolant) convection coefficient of the cooling ducts attached to 
the stator housing is necessary known [16]: 
Hydraulic diameter 
𝐷𝑖 =
4 𝐴
𝑃
 
In this equation, A represents the hydraulic cross-sectional area of the coolant flow, and P is 
the wetted perimeter, the perimeter of the cross-sectional area that is wet. The Reynolds 
number is 
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𝑅𝑒 =
𝐷𝑖 ∙ 𝑣
𝑣𝑠𝑐
                                                                        (37) 
Where 𝑣𝑠𝑐  is the cinematic viscosity, 𝑣  is the fluid speed and 𝐷𝑖 is the hydraulic diameter. 
For laminar coolant flow Re<2300 and for turbulent coolant flow Re>2300.  
The Prandtl number depends from the liquid temperature and its value is calculated as 
𝑃𝑟 =
𝜌 ∙ 𝑐𝑝 ∙ 𝑣𝑠𝑐
𝜆
 
Where 𝜌  is the specific mass (in kilograms per cubic meter),  𝑐𝑝  is the constant pressure 
specific heat capacity (in Joules per Kilogram Kelvin), 𝑣𝑠𝑐  is the kinematic viscosity (in square 
meters per second)  𝜆 is the thermal conductivity of water. 
In case of turbulent coolant flow and Pr < 1.5 
𝑁𝑢 = 0.0214 ∙ (𝑅𝑒0.80 − 100) ∙ 𝑃𝑟0.4 ∙ (1 + √(
𝐷𝑖
𝑙
)
23
) 
In case of turbulent coolant flow and Pr > 1.5 
𝑁𝑢 = 0.012 ∙ (𝑅𝑒0.87 − 280) ∙ 𝑃𝑟0.4 ∙ (1 + √(
𝐷𝑖
𝑙
)
23
)                             (38) 
In case of laminar coolant flow 
𝑁𝑢 = √3.663 + 1.6153 ∙ 𝑅𝑒 ∙ 𝑃𝑟
𝐷𝑖
𝑙
3
 
The heat convection transfer coefficient is  
ℎ𝑤 =
𝑘𝑤 ∙ 𝑁𝑢
𝐷𝑖
                                                                  (39) 
Where 𝑘𝑤 is the water thermal conductivity. 
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5.3 THERMAL EQUIVALENT CIRCUIT 
The heat removal calculation only tells us whether enough heat can be removed from the 
machine surface in the stationary state. However, when considering the operation of the 
machine, it is essential to define the internal temperature distribution, which is regulated by 
the flux densities, frequencies and current densities in the machine parts. 
To determine the internal temperature distribution, a thermal equivalent circuit is used for 
modelling the heat transfer of the machine. 
The main heat sources are Resistive losses, Iron losses, Permanent magnet losses. 
As is well known, in a thermal network, it is possible to lump together components that have 
similar temperatures and to represent each as a single node in the network. Nodes are 
separated by thermal resistances that represent the heat transfer between components.  
Inside the machine, a set of conduction thermal resistances represents the main heat transfer 
paths, such as from the winding copper to the stator tooth and back iron (in this case, the heat 
transfer is through the winding insulation consisting of a combination of enamel, 
impregnation, and slot liner materials), from the tooth and stator back iron nodes to the stator 
bore and housing interface and from the housing to the water cooling.  
In addition, internal convection and conduction resistances are used for heat transfer across 
the air gap.  
As an example of this approach, the thermal model will be show in the following section. 
Analytical lumped-circuit techniques are also very useful in determining the thermal model’s 
required discretization level. This refers to the number of sections used to model the electrical 
machine as a whole, or some of the more critical components, both in the axial and radial 
directions. For this work purpose, the thermal behavior has been modelled in the radial and 
tangential direction, with particular attention being given to the winding area.  
Due to its low thermal conductivity, this area is of great thermal significance and has to be 
analyzed with care. In the real winding, the heat generation is distributed over the section.  
Concentrating all loss in one node in the network results in an unrealistic gradient between 
the wall and the winding center. Thus, using lower levels of discretization reduces the accuracy 
of the results, while increasing the node numbers unnecessarily complicates the thermal 
model. However has been chose to model the conductor using two equivalent node from each 
one flow the joule losses.  
Moreover, the thermal conductivity of the system winding, impregnation and insulation 
depends on several factors, such us material and quality of the impregnation, residual air 
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quantity after the impregnation process and so on. If the equivalent thermal conductivity is 
known, the thermal resistance between the winding and the stator lamination can be easily 
computed. 
According to [9] 
𝑘𝑐𝑢𝑒𝑞 = 0.2749 ∙ [(1 − 𝑘𝑐𝑢𝑠) ∙ 𝑆𝑐𝑢𝑠 ∙ 𝑙]
−0.4471                                (40) 
Where 𝑘𝑐𝑢𝑠  is the slot fill factor, 𝑆𝑐𝑢𝑠 is the slot area and 𝑙 is the axial core length. 
In the model was also considered the insulation between the slot and the conductor (slot liner 
material), the thickness taken into account is 0.2 millimeters. 
The thermal performance of two winding topology are presented in the following sections 
adopting the equivalent lamped parameter thermal network. The comparison has been done 
considering the same the rotor structure and water cooling condition for each stator 
topologies but two different housing structures which have different surfaces wetted by water 
cooling. 
Note in each model the radiation heat transfer has been neglected.   
The features of water cooling are the same for each stator topology in terms of water 
temperature and water flow therefore, the convective coefficient is the same. In addition has 
been considered a constant temperature value of the water cooling considering the water 
cooling system as an ideal cooling system. 
In order to simplify the network, the rotor has been considered like a losses generator located 
in correspondence of the air gap node which is the sum of Permanent Magnets Losses and 
Rotor Iron Losses, this simplification has been possible since the rotor is the same for both 
configuration then it is assumed the approximation errors cancel out each other.    
The adoption of the toroidal winding configuration should allow cool the motor taking 
advantage to the greater proximity of the external conductors to the housing and then to the 
water cooling. In fact the presence of outer conductors should allow to transfer the heat of 
the inner conductor outwards through the low axial thermal resistance of the cooper, in 
addition to the iron radial direction. In this manner should be possible obtain a temperatures 
lowering and a better exploitation of the cooling system.     
 
5.3.1 THERMAL MODEL CONVENTIONAL WINDING 
In the follow Figures are shown the conventional winding model and lumped parameters 
network. The modeling shown in Figure 57, exploit the stator symmetry structure which is an 
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angular portion of the machine, this feature allows to simplify the model. In Figure 58  is shown 
the equivalent circuit where are put in evidence the losses generators.  
 
FIGURE 57 THERMAL MODEL DISTRIBUTED WINDING 
 
FIGURE 58 THERMAL NETWORK DISTRIBUTED WINDING 
The following values represent the thermal conductances for each element represent in Figure 
58. 
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𝐺𝑎𝑐𝑣 =
1
𝑅𝑎, 𝑐𝑣
 
𝐺𝑎𝑐𝑛 =
1
𝑅𝑎, 𝑐𝑛
 
𝐺12 =
1
𝑅3 + 𝑅2 + 𝑅𝑓𝑖𝑙𝑙_2
 
𝐺13 =
1
𝑅𝑖𝑛𝑓 + 𝑅1𝑡 + 𝑅𝑓𝑖𝑙𝑙_4
 
𝐺18 =
1
𝑅5 + 𝑅4 + 𝑅𝑓𝑖𝑙𝑙_3
 
𝐺24 =
1
𝑅𝑠𝑢𝑝 + 𝑅2𝑡 + 𝑅𝑓𝑖𝑙𝑙_5
 
𝐺25 =
1
𝑅1 + 𝑅𝑗𝑖 + 𝑅𝑓𝑖𝑙𝑙_1
 
𝐺34 =
1
𝑅𝑡1𝑢 + 𝑅𝑡2𝑏
 
𝐺38 =
1
𝑅𝑡1𝑏
 
𝐺46 =
1
𝑅𝑡2𝑢
 
𝐺56 =
1
𝑅𝑗𝑡𝑇
 
𝐺57 =
1
𝑅𝑗𝑠
 
𝐺67 =
1
𝑅𝑗𝑡𝑟
 
𝐺ℎ2𝑜 =
1
𝑅ℎ2𝑜
 
𝐺𝑎𝑖𝑟 =
1
1
𝑅𝑎𝑐𝑛 +
1
𝑅𝑎𝑐𝑣
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The thermal resistances network is made by thermal resistances of each motor component, 
their calculation is shown in Appendix (1). 
The water cooling flowing next to the housing in tangential direction and it is modeled with 
Rh20 which is represent the convective thermal resistance considering a water flow of 10 l/m 
and a pipe section of 125 mm2 .  
Since the cooling system is obtained by modifying the existing one of the combustion engine 
then the water input cooling temperature is fixed at 100 °C. 
The cinematic viscosity at 100 °C is 0.3 mm2/sec, this mean that the Reynolds’s number is 
6.1307e4 as show in (37) and the Prandtl’s number is 1.8 therefore the fluid flow is a turbulent 
flow and the Nusselt’s number is obtained by equation (38). 
The cooling system has been considered an ideal system and capable of constantly maintaining 
the water temperature at 100 °C.  
The array ?̅? contain all losses of each element that making up the motor: 
?̅? = (𝑃𝑗𝑠1   𝑃𝑗𝑠2   𝑃𝑓𝑡1   𝑃𝑓𝑡2    𝑃𝑓𝑗𝑜𝑘𝑒    0    0   0   𝑃𝑗𝑝𝑚 + 𝑃𝑓𝑟𝑜𝑡 ) 
 
Pjs1 and Pjs2 are the half joule losses in the conductor. 
Pft1 are the iron losses in first half of a tooth. 
Pft2 are the iron losses in the second half of a tooth. 
Pfjoke are the iron losses in the back iron in relation to the model section. 
Pjpm are the ‘equivalent’ joule losses in the permanent magnets. 
Pfrot are the ‘equivalent’ losses in the rotor iron. 
 
The housing losses was not considered because the contribution in the total energy balance 
may be neglected. The equivalent definition in Pjpm and Pfrot refers to the fact that each pole 
takes an angular portion that contain six simple stator structure, as show in Figure 57.  
Pursuing the aim of distributing the losses evenly on the outskirt of the rotor, has been choose 
to model the rotor and magnet losses as the sixth part of the magnet and rotor losses of a 
rotor pole.  
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5.3.2 THERMAL MODEL TOROIDAL WINDING 
The Figure 59 shows the stator and housing design for toroidal winding configuration.  The 
outer conductors are located inside of the aluminum housing and between each one there is 
a hole where the cooling water flow along the axial length of the motor. 
 
                                              
                                             
FIGURE 59 STATOR STRUCTURE OF TOROIDAL WINDING 
In similar way to distributed winding has been modeled the lumped parameters thermal 
network. This structure allows to exploit two cooling methods: by cooling water and from the 
air that laps the outer surface. Each one have been model as show in Figure 60. 
 
 
FIGURE 60 THERMAL MODEL TOROIDAL WINDING 
 
Phase A 
Phase C 
Cooling Water 
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FIGURE 61 THERMAL NETWORK TOROIDAL WINDING 
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In the following are shown the thermal conductances for each element show in Figure 61: 
 
𝐺12 =
1
𝑅3 + 𝑅𝑓𝑖𝑙𝑙2 + 𝑅2
 
 
𝐺13 =
1
𝑅3 + 𝑅𝑓𝑖𝑙𝑙2 + 𝑅2
 
 
𝐺18 =
1
𝑅4 + 𝑅𝑓𝑖𝑙𝑙3 + 𝑅5
 
 
𝐺24 =
1
𝑅𝑠𝑢𝑝 + 𝑅𝑓𝑖𝑙𝑙5 + 𝑅2𝑡
 
 
𝐺25 =
1
𝑅1 + 𝑅𝑓𝑖𝑙𝑙1 + 𝑅𝑗𝑖
 
 
𝐺34 =
1
𝑅𝑡1𝑢 + 𝑅𝑡2𝑏
 
 
𝐺38 =
1
𝑅𝑠1 + 𝑅𝑠_1
 
 
𝐺410 =
1
𝑅𝑡2𝑢
 
 
𝐺515 =
1
𝑅𝑗𝑠 + 𝑅ℎ𝑟𝑖𝑛𝑓
 
 
𝐺510 =
1
𝑅𝑗𝑡𝑇
 
 
𝐺67 =
1
𝑅7 + 𝑅8 + 𝑅𝑓𝑖𝑙𝑙7
 
 
𝐺613 =
1
𝑅𝑖𝑛𝑓1 + 𝑅𝑓𝑖𝑙𝑙9
 
 
𝐺615 =
1
𝑅6 + 𝑅𝑓𝑖𝑙𝑙6
 
 
𝐺711 =
1
𝑅9 + 𝑅𝑓𝑖𝑙𝑙8
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𝐺713 =
1
𝑅𝑠𝑢𝑝1 + 𝑅𝑓𝑖𝑙𝑙9
 
 
𝐺89 =
1
1
𝑅𝑎𝑐𝑣 +
1
𝑅𝑎𝑐𝑛
 
 
𝐺1016 =
1
𝑅𝑗𝑡𝑟 + 𝑅ℎ𝑟𝑏𝑜𝑡
 
 
𝐺1112 =
1
𝑅𝑠𝑙𝑖𝑜𝑢𝑡
 
 
𝐺1118 =
1
𝑅ℎ𝑟𝑠𝑢𝑝
 
 
𝐺1213 =
1
𝑅𝑡ℎ2
 
 
𝐺1217 =
1
𝑅𝑡ℎ1
 
 
𝐺1314 =
1
𝑅𝑡ℎ2
 
 
𝐺1415 =
1
𝑅𝑠𝑙𝑖𝑖𝑛
 
 
𝐺1416 =
1
𝑅𝑡ℎ2
 
 
𝐺1718 =
1
𝑅ℎ𝑟𝑏𝑜𝑡
 
 
The thermal resistances network is made by thermal resistances of each motor component, 
their calculation is show in Appendix (1). 
The water cooling flowing inside the housing in axial direction and it is modeled with three 
resistance which represents the convective thermal resistance considered as in the distributed 
winding model:  water flow 10 l/m, pipe section 125 mm2, water cooling temperature is fix at 
100°C.  
In addition has been modeled the air cooling by means the Rair taking into account a 
convective coefficient of 20 W/m2K and a constant temperature value of 20°C.   
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The array ?̅? contain all losses of each element that making up the motor: 
?̅? = (𝑃𝑗𝑠1  𝑃𝑗𝑠2  𝑃𝑓𝑡1  𝑃𝑓𝑡2   𝑃𝑓𝑗𝑜𝑘𝑒   𝑃𝑗𝑠3   𝑃𝑗𝑠4  0  𝑃𝑗𝑝 + 𝑃𝑓𝑟𝑜𝑡  0  0  0  0  0  0  0  0  0) 
 
Pjs1 and Pjs2 are the half joule losses in the inner conductor. 
Pjs3 and Pjs4 are the half joule losses in the outer conductor. 
Pft1 are the iron losses in first half of a tooth. 
Pft2 are the iron losses in the second half of a tooth. 
Pfjoke are the iron losses in the back iron in relation to the model section. 
Pjpm are the ‘equivalent’ joule losses in the permanent magnets. 
Pfrot are the ‘equivalent’ losses in the rotor iron. 
The consideration about housing losses and Pjpm, Pfrot equivalent losses are the same as 
previously described for conventional winding model.  
 
5.4 THERMAL RESULTS 
In the following is shown the thermal results from the comparison between the two windings 
topology. To calculate the results has been used the method of nodal voltage, where the 
potential of each node is equivalent to the node temperature, the current is equivalent to the 
heat flow and the current generators are equivalent to the magnet, iron and copper losses.   
The network can be solved by writing equation for heat flow. The equation are written in 
matrix form: 
 
92 
 
Where gk,k is the conductance sum of each conductance link to the k-th node and gk,h is the 
conductance that link the g-th node to the h-th node. The system equations may be expressed 
as 
[𝐺] ∙ ?̅? = ?̅? 
From which relation is possible calculate the ?̅? vector which represent the temperature value 
for each nodes.  
?̅? = [𝐺]−1 ∙ ?̅? 
In the Table 6 below are shown the thermal conductivity dates used in the thermal models: 
Thermal conductivity Value [w/m°C] 
Iron 65 
Aluminum 230 
Equivalent Copper 42 
Magnet 9 
Insulation 0.15 
Copper 400 
Air 0.025 
TABLE 6 MATERIALS THERMAL CONDUCTIVITY 
In the Table 7 below are shown the nodes temperature of each common node that compare 
in both topology in order to evaluate the temperatures distribution in the stator for both 
winding topology.  
The fourth column in Table 7 shows the temperature different between each node. By 
observation of this column can be seen a lowering of mean temperatures for most of the stator 
nodes. 
The hotter node for each topology is T1 (Slot Inner), which is the node locates in the inner part 
of the stator, near the air gap.  
As highlighted in red, the temperature different between the hottest node is 3°C which means 
that the toroidal winding permit to reduce the hotter node temperature and then a better 
cooling system exploitation. 
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Distributed [°C] Toroidal [°C] Difference [°C] 
T1 (Slot inner) 125.47 122.34 3.13 
T2 (Slot outer) 123.27 120.64 2.63 
T3 (Tooth inner) 114.15 113.36 0.79 
T4 (Tooth outer) 109.29 109.27 0.02 
T5 (Joke) 105.52 106.39 -0.87 
T6 (Over tooth) 106.61 107.015 -0.405 
T7 (Housing) 101.61 98.89 2.7 
T8 (Stator) 114.53 113.69 0.84 
TABLE 7 MAIN NODES TEMPERATURE OF CONVENTIONAL AND TOROIDAL THERMAL NETWORK 
Can be say that the toroidal winding thanks to the lowering temperature allows to increase 
the current density. Using fem simulation has been calculated the current value and the 
consequent torque value necessary to reach the hotter node temperature of the classic 
winding (125.47°C). The results obtained show a better exploitation of the cooling system for 
the toroidal winding which allow a current density increase of 6% and a consequent torque 
density increase of 7.3%.  
Ratio 
D/L 
Torque Increase 
[%] 
Current Increase 
[%] 
1.92 7.3 6 
2.083 8.6 7 
2.272 9.8 8 
2.5 12.6 9.5 
2.777 13.4 11 
3.125 15.2 12.5 
3.571 18.3 15 
TABLE 8 CURRENT AND TORQUE ENHANCEMENT FOR EACH D/L RATIO 
Moreover has been calculated the advantage adopting toroidal winding in term of current 
density for different D/L ratio.  
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As previously done, was calculated the current increase for different D/L ratio of toroidal 
winding topology taking as a reference the temperature of the hotter node (T1). 
A summary of the temperatures results of the each node is reported in Appendix 2. 
For each D/L value has been calculated by fem analysis the corresponding enhancement of the 
torque value, the results are shown in Table 8.  
In conclusion: The new stator topology as supposed at the begin, permit a better exploitation 
of the cooling system. The benefits adopting this structure became more evident for high D/L 
ratio, as show in Table 8.  
The housing of the toroidal winding has been assumed with an external frame doesn’t finned. 
Finned structures should allow to notably increase the heat transfer surfaces and thus to 
improve the heat flow towards the external ambient, this implies a consequent performance 
increase. 
From the combination of data in the Table 8 and Table 4, we can say that the transition to a 
toroidal configuration would become advantageous if the motor is dimensioned with a ratio 
D/L > 3.2.  
This geometrical size allow an efficiency parity value respect to conventional winding 
topology and a torque density greater of 15%.  
In conclusion the adoption of toroidal winding topology may be an advantage technology for 
applications having space constraints such as to require large diameters and short axial 
lengths. Obviously the motor design for this geometrical dimensions implies necessarily a 
careful study of the phenomena secondary to the heads of the machine.    
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6. TORQUE RIPPLE REDUCTION 
 
6.1 INTRODUCTION 
Considering the synchronous reluctance motor axial laminated, how to show Error! Reference 
ource not found., the d-axis is set to be the polar axis (or PM axis), while the q-axis is 90 
electrical degrees in advance since the air barriers create a different magnetic behavior along 
the two rotating axes. 
The motor torque thus can be computed by means of the d-axis and q-axis flux linkages and 
currents at the terminals of the motor as 
𝑇𝑒𝑚 =
3
2
∙ 𝑝 ∙ (𝜆𝑑𝐼𝑞 − 𝜆𝑞𝐼𝑑) 
Where the d- and q-axis currents and flux linkages are obtain adopting a rotor reference frame. 
The SRM and PMSR motor are designed to maximize the reluctance torque, this aim is obtain 
creating a different magnetic behavior along the two rotating axes in order to increase the 
rotor anisotropy.  
 
FIGURE 62 𝜆𝑑  AND 𝜆𝑞  MAGNETIC FLUXES 
A common drawback of synchronous reluctance machines and synchronous reluctance 
machines permanent magnet assisted is their high torque ripple, which is due to the 
interaction between the spatial harmonics of electrical loading and the rotor anisotropy. 
Several techniques for reducing the torque pulsations in IPM motors have been proposed in 
the literature. The techniques used can be an adequate motor design or specific control 
techniques. 
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About motor design there are several issues on which action can be taken: 
 Commonly the rotor skewing is adopted and only step skewing is possible when PMs 
are used, in this case the rotor is split in two or more parts each of them is skewed with 
respect to the others.  
 The flux barriers can be shifted from their symmetrical position, obtain rotor pole pairs 
with different shape. 
 A reduction of the torque ripple can be achieved by means of a suitable choice of the 
number of flux barriers with respect to the number of stator slots and also an 
appropriate barriers and magnets design can contribute at this purpose. 
 At least is possible adopt the fractional slot winding which allow a stator structure 
having a different winding symmetry respect to the rotor and therefore the torque is 
not the sum of ‘n’ identical torque profile but each one assume a different value in the 
same rotor position. 
In the following will be adopt two strategy in order to reduce the torque ripple: a fractional 
slot stator and a new rotor design. 
Each strategy will be applicate keeping unchanged the following constraints: 
 Geometrical stator dimensions and slots number. 
 Rotor barriers number. 
 Magnets Volume. 
 Insulation Ratio. 
 
6.2 THEORETICAL ROTOR DESIGN 
The expected design outputs of the rotor basic reluctant structure are the number of flux-
barriers per pole-pair, the position of the various barriers and their shape in accord with [12] 
and [13]. The purpose of the design is maximizing the rotor anisotropy and minimizing the 
torque-ripple content.  
In the follow are summarized some concepts on the rotor design theory that can be find in 
[14].   
If the stator is slot less and the windings ideally distributed in order to generate a sinusoidal 
air gap m.m.f., no torque ripple would be present, independently of the rotor design. However, 
a real stator has the slots and slot spatial harmonics are at least generated, thus producing 
torque ripple. 
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As a consequence, we can firstly consider a slot less stator, when dealing with anisotropy 
maximization, and then take into account a stator with slot when a low ripple rotor is the 
design target. 
Let us refer to the (d,q) frame with the d-axis aligned with the maximum permeance, and let ξ 
be an electrical rotor coordinate, starting from the d-axis. 
If a d-axis m.m.f. is applied, the Lmd inductance is given by (as explain in [13]): 
𝐿𝑚𝑑 = 𝑐 ∙
1
𝑝
∫ 𝑐𝑜𝑠2(𝜉) 𝑑𝜉
𝑝𝜋
𝑝𝜋
= 𝑐𝜋 
The rotor does not react, in this case, the c depends on the geometry and the pole pair number. 
On the contrary, the rotor iron will be magnetically polarized by a q-axis m.m.f., as shown in 
Figure 63 below: 
 
FIGURE 63 MAGNETIC POTENTIAL FOR EACH SEGMENT 
The inductance is the sum of two terms: Lcq is related to the fluxes that circulate across the 
segment ends while Lfq is related to fluxes flowing through the segments and involving the 
insulation layers between segments.As explain in [14] the ratio Lcq/Lmd is independent of the 
pole pair number p, but decreases rapidly as the number of segments per pole pair is increased. 
𝐿𝑐𝑞
𝐿𝑚𝑑
≅
𝜋2
12𝑛𝑟2
 
The ratio Lfq/Lmd is independent of the segment number but dependent of pole pair number: 
𝐿𝑓𝑞
𝐿𝑚𝑑
≅
𝑝
𝑔𝑙𝑎
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Where la is the total air along the q-axis. 
In conclusion, to obtain high anisotropy (high salience ration), first a sufficiently large number 
of rotor segments must be chosen, together with a low pole number. The value la should be as 
large as possible but must be related to the choices of main flux and inner diameter. 
For purpose a comparison between two rotor topology and to have a criterion to judge two 
different design it useful define the insulation factor as: 
𝐾 =
𝑊𝑖𝑛𝑠
𝑊𝑖𝑟𝑜𝑛
                                                                       (41) 
Where 𝑊𝑖𝑛𝑠 is the width of flux barriers and 𝑊𝑖𝑟𝑜𝑛 is the width of the iron along the q-axis. 
In Figure 63 a generic k-th segment is evidenced, as defined by the electrical angles ξk and ξk+1, 
at the air gap. When a p.u. q-axis m.m.f. (sin(ξ)) is applied, the k-th segments will assume the 
p.u. magnetic potential rk, which is slightly lower than the average value fk of sin(ξ), over the 
angular interval ∆ξk.  
Each k-th segment has an average value of: 
𝑓𝑘 =
1
∆𝜉𝑘
∫ sin (𝜉)
𝜉𝑘+1
𝜉𝑘
𝑑𝜉 =
cos(𝜉𝑘) − cos (𝜉𝑘+1)
𝜉𝑘+1 − 𝜉𝑘
                             (42) 
The values of inductance are respectively: 
𝐿𝑐𝑞 = 𝑐 ∫ sin (𝜉)
𝜋
−𝜋
[sin(𝜉) − 𝑓(𝜉)]𝑑𝜉                                                  (43) 
𝐿𝑓𝑞 = 𝑐 ∫ sin (𝜉)
𝜋
−𝜋
[𝑓(𝜉) − 𝑟(𝜉)]𝑑𝜉                                                      (44) 
Substituting equation (42) in each inductance equation and divide each one for Lmd can be 
obtain: 
𝐿𝑐𝑞
𝐿𝑚𝑑
= 1 −
4
𝜋
∑𝑓𝑘
2 ∙ ∆𝜉𝑘
𝑘
                                                                 (45) 
𝐿𝑓𝑞
𝐿𝑚𝑑
=
4
𝜋
∑𝑓𝑘 ∙ (𝑓𝑘 − 𝑟𝑘)∆𝜉𝑘
𝑘
                                                         (46) 
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Some geometrical parameters related to the k-th segment are needed to calculate rk in 
equation (46). In Figure 64 is shown the p.u. equivalent circuit of the k-th barrier, where the 
magnetic p.u. permeance of the barrier pk and that of the adjacent segment at the air-gap pgk 
have been evidenced, in addition AQ represents the peak m.m.f. applied on the q-axis. 
The circuit equation at the node k is  
(𝑝𝑘𝑟𝑘 − 𝑟𝑘−1) + 𝑝𝑔𝑘 ∙ 𝑟𝑘 + 𝑝𝑘+1(𝑟𝑘 − 𝑟𝑘−1) = 𝑝𝑔𝑘𝑓𝑘                       (47) 
An iterative application of (47) to all independent nodes gives the matrix relationship 
[𝑃] ∙ 𝑟?̅? = [𝑝𝑔𝑘 ∙ 𝑓𝑘] 
The solution give the 𝑟?̅? values which is depend also to the barriers geometry. 
By introducing the flux ϕk, which is proportional to fk −rk, and eliminating ∆ξk, the equation (46) 
can be rewritten as a function of barrier dimensions: 
𝐿𝑓𝑞
𝐿𝑚𝑑
=
4
𝜋
(𝑝 ∙
𝑔
𝑟
) ∙ ∑(𝑝𝑘 ∙ ∆𝑓𝑘
2)
𝑘
                                                (48) 
Where pk is the permeance of k-th barrier: 
𝑝𝑘 =
𝑆𝑘
𝑙𝑘
                                                                             (49) 
Sk is the length of the k-th barrier and lk is the width of k-th barrier. 
 
FIGURE 64 PER UNIT EQUIVALENT BARRIERS CIRCUIT 
Now introduce a real stator with the slots which is introduce the slot harmonics and generate 
torque ripple by interaction with the rotor reaction. 
100 
 
The stator introduce slot spatial harmonics of order hns±1 where h is a positive integer. As a 
consequence, a low-ripple rotor design is devoted to introduce rotor spatial harmonics which 
are as much as possible different from the stator ones, thus none interacting. Since the rotor 
magnetic potential is a staircase distribution, the hypothesis is made that these ribs are 
uniformly distributed, thus defining a number nr of equivalent rotor slots per pole pair. 
In this way the rotor introduce the slot harmonics of order hnr±1. In Figure 65 is shown a 
schematic rotor examples: 
 
FIGURE 65 STAIRCASE DISTRIBUTION OF ROTOR POTENTIAL 
The harmonics of r(ξ) will depend on the rotor design, in particular on pk permeances. 
The first step in a low ripple is the choice of barriers number. To obtain a low ripple is necessary 
reduce the interaction between stator harmonics and rotor harmonics. The best choice is nr 
as much as possible near to ns but excluding ns and ns±2, which would lead to the interaction 
of stator and rotor harmonics. Generally as suggest in [14], nr=ns±4 leads to a lower torque 
ripple.   
Once the segment numbers of the rotor were chosen, the design goal is obtained for a r(ξ) 
shape proportional to that of f(ξ), thus excluding spurious harmonics, other than knr ± 1, the 
condition to obtain this aim is: 
𝑙𝑘 = 𝑙𝑎 ∙
∆𝑓𝑘
𝑓𝑞𝑛
     𝑝𝑒𝑟 𝑘 = 1, … , 𝑛                                                (50) 
𝑝𝑘 = 𝑐𝑜𝑛𝑠𝑡.       𝑝𝑒𝑟 𝑘 = 1,… , 𝑛                                                (51)  
it means that, starting from the first rotor flux barrier the shape of both air gaps have to be set 
in order to make the pbk permeances all equal to each other. The requirements expressed by 
(50) and (51) lead to the need of designing the layer widths Sk according to 
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𝑆𝑘
𝑆ℎ
=
∆𝑓𝑞𝑘
∆𝑓𝑞ℎ
                                                                           (52) 
6.3 TORQUE RIPPLE REDUCTION BY NEW ROTOR DESIGN 
In the following has been considered a rotor structure with three barriers as the motor descript 
in chapter 2 and the magnet is share between each barrier. The object is find a new barriers 
and magnets shape in terms of length and thickness in order to reduce the torque ripple in 
accord with [15], this means: 
 Minimized the overall harmonic content of the quadrature flux density. 
 Hall the PMs that fill the rotor flux barriers work at the same flux density. 
In the following the rotor geometry of the machine pole, show in Figure 66, is a simplification 
of the rotor structure where the barriers are represented as half circle.  The barriers are regular 
displacement along the outskirt of the rotor in order to reduce the torque ripple as 
demonstrated in [12] and the main geometric quantities are defined as follows: 
• 𝑔 is the air gap length 
•  𝑎 is the pole pitch; 
•  𝑛𝑟 is segments number of the rotor pole pair; 
•  ∆𝜉𝑘 is the pitch of the k-th “rotor slot” (2𝜋 𝑛𝑟⁄ ); 
•  𝑆𝑘  represents half the width of the whole k-th flux barrier; 
•   𝑆𝑚𝑘 is half width of the k-th magnets; 
•   𝑙𝑘 and 𝑙𝑚𝑘 are the thickness of the k-th flux barrier and the k-th magnet, respectively. 
•   𝑙 is the stack length of the motor. 
 
FIGURE 66 ROTOR STRUCTURE WITH THREE BARRIERS 
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The circuit of Figure 67 shows the q-axis magnetic model of the rectified pole in Figure 66, 
referring again to a 3-layer rotor structure. The fluxes are the ones of half pole. 
 
FIGURE 67 Q-AXIS MAGNETIC EQUIVALENT CIRCUIT 
In the equivalent circuit of the quadrature axis the magneto-motive force generators, magnetic 
potentials and permeances, are defined in normalized quantities. 
The normalization factor used for magneto motive forces and magnetic potentials is the peak 
value of the fundamental waveform, accounting for the q-axis stator m.m.f.  
𝐴𝑞 =
3
𝜋
∙ 𝑘𝑤 ∙ 𝑁 ∙ 𝐼𝑞 
Iq represents the q-axis current component, kw is the winding factor, N is the number of 
conductors in series per pole. 
The permeance value are normalize respect to 𝜇0 ∙ 𝑙 as follow: 
The magneto motive force of the magnets m123 is  
𝑚𝑘 =
1
𝐴𝑞
∙
𝐵𝑟
𝜇0
∙ 𝑙𝑚𝑘                                                                  (53) 
The p.u. permeances pm123 of the magnets is 
𝑝𝑚𝑘 =
𝑆𝑚𝑘
𝑙𝑚𝑘
                                                                           (54)  
The p.u. permeances pa123 of the rotor layer that are not filled in with magnetic material is 
𝑝𝑎𝑘 =
𝑆𝑘 − 𝑆𝑚𝑘
𝑙𝑘
                                                                     (55) 
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The p.u. permeances pg123 of the rotor teeth at the air gap, depend inversely on the air gap 
length and directly on the rotor “slot” pitches. 
𝑝𝑔𝑘 =
𝑎
𝑔
∙
∆𝜉𝑘
𝜋
                                                                       (56) 
To obtain the minimization of the overall harmonic content and the same flux density of the 
rotor flux barriers, the rotor geometry have to design by having at the same time: 
• The magnets mmf mk proportional to the per unit stator mmf staircase Δfq. 
• The magnetic potential drops Δr proportional to the per unit staircase Δfq, as well. 
In the Figure 68 are shown the magneto motive force staircase for magnets and barriers: 
 
FIGURE 68 STAIRCASE 𝑓(𝜉), MAGNET  𝑚𝑚𝑓 𝑚123,  IRON GUIDE MAGNETIC POTENTIAL 𝒓𝟏𝟐𝟑 
The geometric rules that satisfy the aforementioned requirements can be derived from the 
follow: 
 The rotor magnetic insulation la must be shared between the barriers as follow 
𝑙𝑘 = 𝑙𝑎
∆𝑓𝑞𝑘
𝑓𝑞𝑛
                                                                     (57) 
Where 𝑓𝑞𝑛is the top value of the stair case f(ξ). 
 The permeance of each barrier must to be same value 
𝑝𝑏𝑘 = 𝑐𝑜𝑛𝑠𝑡      ∀𝑘 = 1,2,3                                                       (58) 
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If (57) is respected, the requirements expressed by (58) lead to the need of designing the layer 
widths Sk according to (59). Analogous rules (60) have to be followed when fixing the widths 
Smk of the rare-earth magnet pieces. 
The length of the each magnetic and each barrier must be as follow 
𝑆𝑚𝑘
𝑆𝑚ℎ
=
∆𝑓𝑞𝑘
∆𝑓𝑞ℎ
                                                                              (59) 
𝑆𝑘
𝑆ℎ
=
∆𝑓𝑞𝑘
∆𝑓𝑞ℎ
                                                                                 (60) 
 
6.4 TORQUE RIPPLE REDUCTION BY FRACTIONAL SLOT 
In this section a methodology for torque ripple reduction is shown, based on the exploitation 
of the inherent properties of “fractional slot” windings, which feature a number of slots per 
pole per phase that is not an integer.   
In a multi-pole machine, the overall electro-magnetic torque is obtained from the combination 
of the equivalent torque effects developed by the different sections in which the machine can 
be conceptually split. 
When a standard layout is considered, the machine structure features a full cyclic symmetry 
according to the numbers of pole pairs p, meaning that it may be seen as a collection of p 
angular sectors featuring the same width 2π/p and the same physical structure (magnetic 
materials, winding layout and currents distribution at any instant). Therefore, in this case the 
torque profile vs. time is simply equal to p times the torque provided by each of such sectors. 
When instead a fractional slot winding is considered, the p basic sectors that can be considered 
for a p pole pairs machine feature physical structures which are more or less similar, yet no 
more identical, since a true cycle symmetry is actually present only over wider sectors. 
Therefore, the torque profiles produced during operation by the basic sectors of the machine 
are no more identical; in particular, in case of steady state periodic conditions, for each 
harmonic component in the torque profile the contributions of the basics sectors turn out to 
be possibly different in amplitude and-or phase.  This means that the resultant torque ripple 
may be reduced by automatic-partial-cancellation of the harmonics components due to the 
different basic sectors, thus providing some improvement with respect to a comparable 
standard layout.  
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The main rules to adopt the fractional slot are: 
 The ratio of slot number over phase number is an integer number to guarantee an integer 
slot number for each phase.   
 The number of pole pairs within the machine periodicity sector cannot be an integer 
multiple. 
To find the winding configuration may be used the ‘Slot Star Diagram’.  
It consists by associating of each slot with the vector representative of each conductor 
induction f.e.m., that fill itself. 
The relation between electrical angle 𝛾 and mechanical angle 𝛼 is 
𝛾 = 𝑝 ∙ 𝛼 
The electrical angle between two slots adjacent is 
𝛼𝑐 =
360°
𝑄 𝑝⁄
  
The GCD between Q and p is 
𝑡 = 𝐺. 𝐶. 𝐷. [𝑄, 𝑝] 
The ‘Slot Star Diagram’ result with 𝑄/𝑡 radius number, each one with 𝑡 vector, therefore the 
symmetry order is two. The angle between adjacent radiuses is 
𝛼𝑟 =
360°
𝑄 𝑡⁄
 
Since by definition the slots number per pole per phase is not an integer number can be obtain: 
𝑞 =
𝑄
𝑚 ∙ 𝑝
= 𝑎 +
𝑏
𝑐
               𝑄 𝑛𝑜𝑡 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒 𝑜𝑓 𝑚 ∙ 𝑝 
Therefore we have 𝑐 slot groups of which b with 2 slot and (c-b) groups with one slot. 
Since the assumption is use the same stator with 30 slot, we has been chose to change the 
pole pairs number from five to four so has been possible adopt a different number of slot per 
pole per phase.  
In this case we have Q=30, p=4, m=3:  
𝑡 = 2       𝛼𝑐 = 48°    𝛼𝑟 = 24°   𝑞 = 1 +
1
4
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The ‘Slot Star Diagram’ for the first layer is 
 
FIGURE 69 SLOT STATOR DIAGRAM 
Each phase have 𝑄 (𝑡 ∙ 𝑚)⁄ = 5 number of slot, to find which slot belong to each phase can 
divide in three angular sector of 60 deg, each one rotate of 120 deg.  
 
FIGURE 70 VECTOR ALLOCATED TO EACH PHASE 
The slots positioned at 180 degrees from the angular sector of each phase belong virtually to 
the same phase. 
The second layer is obtained by changing the direction of each conductor and by shifting the 
first sequence of steps slot equal to 
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𝑦 =
𝑄
2𝑝
=
30
8
= 3.75           𝑦 ∙ 𝛼𝑐 = 180 𝑑𝑒𝑔 
Two choose are possible, since 3.75 is closer to 4 then 3 we have a full pitch in the first case 
(192 deg) and shortened pitch in the second case (144 deg).  
The table below shows the winding distribution for each symmetrical stator adopting the full 
pitch: 
N° Slot 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 
First 
Layer 
A A C B A C C B A C B B A C B 
Second 
Layer 
B A C B A A C B A C C B A C B 
TABLE 9 CONDUCTORS DISTRIBUTION IN EACH SECTOR OF STATOR SYMMETRY  
The table above shows the windings arrangement of each phase for a stator symmetry, the 
remaining 15 slot are filled with the same winding structure and connected in series. 
Adopting this winding configuration should be possible reduce the torque ripple by merit the 
new stator periodicity. 
 
6.5 FEM ANALYSIS 
In the following are shown the fem analysis results for the new rotor design and the new 
winding topology, moreover are shown the results about a mix of the two techniques. 
In order to make a fair comparison the following features have been unchanged: 
 Total Magnets Volume (except for the last)   
 Stator mmf (Ni).  
 Current density. 
 Insulation ratio, equation (41).   
 Slots Number. 
 Barriers Number. 
Adjustments to the number of turns have been made in order to meet the voltage 
requirement. 
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New rotor design: 
In accord with the conclusions expressed in the section 6.3 a new rotor design has been 
modeled as show in Figure 71. In order to fulfill the voltage limit requirement has been reduce 
the coil turns numbers from 8 to 7, maintaining the same mmf. The total magnet volume is the 
same as the first motor design. 
               
                         FIGURE 71 NEW ROTOR DESIGN                              FIGURE 72 AIR GAP FLUX DENSITY 
 
 
                       FIGURE 73  RADIAL FLUX DENSITY                             FIGURE 74 RADIAL FLUX DENSITY SPECTRUM 
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                      FIGURE 75 NO LOAD FLUX LINKAGE                          FIGURE 76 NO LOAD FLUX LINKAGE SPECTRUM 
 
                            FIGURE 77 NO LOAD VOLTAGE                                  FIGURE 78 NO LOAD VOLTAGE SPECTRUM      
 
                          FIGURE 79 TORQUE PROFILE                                                 FIGURE 80 TORQUE VS SPEED 
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Fractional Slot Winding and different pole pair number: 
In accord with the section (6.4) by switching to a four pole pair configuration and maintain the 
same total magnets volume, a new winding topology has been adopt as show in Figure 81 
below. The barriers shape are modified to maintain the same rotor proportions. The increase 
of the magnet flux per pole determines a greater flux density per pole, despite this, the tooth 
flux density and the joke flux density remain within the allowable limits as show in Figure 89 
and Figure 90. 
 
  
                       FIGURE 81 FRACTIONAL SLOT WINDING                              FIGURE 82 AIR GAP FLUX DENSITY 
 
 
            FIGURE 83  RADIAL AIR GAP FLUX DENSITY           FIGURE 84 RADIAL AIR GAP FLUX DENSITY SPECTRUM 
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                   FIGURE 85 NO LOAD FLUX LINKAGE                           FIGURE 86 NO LOAD FLUX LINKAGE SPECTRUM  
 
                           FIGURE 87 NO LOAD VOLTAGE                                 FIGURE 88 NO LOAD VOLTAGE SPECTRUM 
 
                   FIGURE 89 BACK IRON FLUX DENSITY                                      FIGURE 90 TOOTH FLUX DENSITY 
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                            FIGURE 91  TORQUE PROFILE                                                  FIGURE 92 TORQUE VS SPEED 
 
New rotor design and slot fractional winding: 
In the follow is shown a new motor design which is derived from a combination of the two 
techniques for reducing torque ripple as discussed above. In this configuration has been 
reduced the turns number from 4 to 3 for each coil to fulfill the voltage requirement, increasing 
the current to maintain the same fmm.  
The shape of the barriers has been modify to maintain the regular displacement of each rotor 
barrier. As explain in chapter 4.2 the pole pair numbers reduction increase the salient ratio 
therefore, unlike previous designs, has been used the same magnet volume for each pole and 
not the same total magnet volume.   
    
                              FIGURE 93 NEW MOTOR DESIGN                                         FIGURE 94 AIR GAP FLUX DENSITY 
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           FIGURE 95 RADIAL AIR GAP FLUX DENSITY                   FIGURE 96 RADIAL AIR GAP FLUX DENSITY SPECTRUM 
 
                   FIGURE 97 NO LOAD FLUX LINKAGE                              FIGURE 98 NO LOAD FLUX LINKAGE SPECTRUM 
 
                      FIGURE 99 NO LOAD VOLTAGE                                      FIGURE 100 NO LOAD VOLTAGE SPECTRUM 
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                            FIGURE 101 TORQUE PROFILE                                                 FIGURE 102 TORQUE VS SPEED 
By comparing the harmonic contents show in Figure 34 and Figure 74 of the radial air gap flux 
is evident as the 3th and 5th harmonics order have been reduce by merits related to the new 
barriers and magnets placement. The torque profile comparison between Figure 42 and Figure 
80 show the evident  benefit adopting the new rotor design which is permit a significant torque 
ripple reduction: from 66% to 13.5% and an increase of 10% of the mean torque value in full 
load condition.  
The new barriers and magnet displacement shown in Figure 75, implies a PM flux reduction 
with a consequent more quick reduction of the torque vs speed profile. Nevertheless the mean 
torque increase permit to meet the requirement in term of the toque also at maximum speed. 
The fractional slot adoption doesn’t permit to cancel the harmonic content of the air gap flux 
density still present in the four pole configuration. Nevertheless, the motor meets the 
expectations with a torque ripple reduction which amounted at 10% of the mean value 
maintain at the same time the same torque vs speed profile.    
The fusion between the new rotor design and the fractional slot winding combines the benefits 
of both structures allowing to meet the requirement in term of torque ripple, maintain at the 
same time a torque vs speed profile as required, with a magnet volume reduction of 20% 
respect to the first design.  
The new magnets displacement has as drawbacks a no load PM flux reduction (Figure 75 and 
Figure 97) respect to the reference design which is implies a more quick reduction of the 
torque vs speed profile. At the same time the new barriers and magnets shape design allow a 
major average torque at nominal speed which allows to meet the requirement of maximum 
torque also at maximum speed. 
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The low spectral content of the air gap flux density allow to reduce the stator losses even at 
high speeds as show in Figure 103, on the other hand the minor amount of iron due to the new 
arrangement of the barriers implies a more intensive flux density value on the rotor and a 
consequent rotor losses increase as show in Figure 104. 
 
 
FIGURE 103 STATOR LOSSES VS SPEED 
 
FIGURE 104 ROTOR LOSSES VS SPEED 
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The flux in the weakening zone are greatly distorted then the field harmonics will tend to 
produce eddy currents and consequent losses in the magnets. The magnets in the new rotor 
design are buried inside the rotor iron, the magnets are effectively shielded from the 
demagnetizing armature reaction field during flux weakening. In fact in Figure 105 can be 
notice a decrease of the magnet losses.  
 
FIGURE 105 PMS LOSSES VS SPEED 
 
 
FIGURE 106 EFFICIENCY VS SPEED 
117 
 
The Figure 106 shows the efficiencies trend for each motor topology. Can be note that the 
performance efficiency trend of the new rotor design is consistently above respect to the 
reference motor design, confirming the effectiveness of flux barriers shape refinement 
coupled to a suited redistribution of the volume allocated to the permanent magnets.  
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CONCLUSIONS 
In this thesis, a design optimization for an existing Permanent Magnet Synchronous Reluctance 
Motor for traction application has been presented. The main aims of this work consisted in: 
 Analyzing the performances of a conventional all-internal winding vs a less 
conventional toroidal winding, to permit comparing their benefits and drawbacks from 
both the electromagnetic, thermal and power losses point of view. 
 Reducing the torque ripple under sinusoidal balanced supply by optimizing the flux 
barriers’ shape and the magnets’ distribution, and/or by adopting a fractional slot 
winding arrangement in spite of a conventional distributed winding.   
In the first and second chapters, the main characteristic of this type of machine have been 
recalled as well as their theoretical model and the main criteria for their control. Moreover, 
their numerical modeling by means of specialized electromagnetic FEM analysis software has 
been illustrated, mainly focusing on 2d approach.  
In the third chapter, the characteristics of the reference machine assumed as a case study have 
been reported, highlighting the weak points of its present design. 
In the fourth chapter, the comparison between the conventional and toroidal layouts of the 
windings was carried out under the points of view of electromagnetic performances and 
copper losses. The results obtained by a purposely developed FEM model confirmed that the 
electromechanical energy conversion process is almost not affected by such winding 
modification, as theoretically expected. Moreover, it was highlighted that the adoption of a 
toroidal winding arrangement may permit to reduce the copper losses provided that an 
appropriate condition is verified concerning the length, diameter and number of poles of the 
machine. 
In the fifth chapter, a lumped parameters equivalent thermal model of the machine was 
developed and used to compare the thermal behavior of the reference and toroidal winding 
arrangements. Such model, implemented in the Matlab software, permitted to highlight that 
the toroidal layout allows a better cooling of the winding, thus permitting to use a higher 
current density which in turn increases the machine torque and power performances. In 
conclusion the adoption of toroidal winding topology may be an advantage technology for 
applications having space constraints such as to require large diameters and short axial 
lengths. Obviously the motor design for this geometrical dimensions implies necessarily a 
careful study of the phenomena secondary to the heads of the machine.         
In the sixth chapter, a more significant optimization of the reference design was undertaken, 
investigating both the adoption of a fractional slot winding arrangement involving a slight 
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variation of the number of poles, and a shape refinement of flux barriers coupled to a suited 
redistribution of the volume allocated to the permanent magnets  
The FEM results obtained from the purposely developed model highlighted the possibility to 
actually achieve a significant improvement of the machine performances under the point of 
view of torque ripple and global power losses under standard current supply, especially when 
both the winding layout and the rotor arrangement are contemporaneously optimized. 
Future work can be concentrated on the following subjects: 
 Continue the comparison between toroidal winding and distributed winding analyzing 
the end winding electro-magnetic effect through FEM analysis 3D. 
 Confirm the thermal results through thermal FEM analysis considering transient 
effects, extending the model to include the cooling system.  
 Experimental investigation of the actual efficiency of a toroidal winding arrangement 
by testing a stator prototype to be purposely manufactured and equipped with 
temperature sensors.  
 Investigate new stator and rotor topology in order to increase the performance 
reducing the motor cost through magnet volume reduction. 
 Build the prototype and validate results. 
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APPENDIX 1 
Calculation of thermal resistances: 
 𝑅𝑖  for 𝑖=1,2,3,4,5 are the thermal resistance of the conductor in radial direction, they have 
been calculated as follow: 
𝑅𝑖 = ∫
1
𝜆 · 𝑙 · 𝑦(𝑥)
𝑥2
𝑥1
              𝑤ℎ𝑒𝑟𝑒         𝑦(𝑥) = 𝑦1 + (
𝑦2 − 𝑦1
𝑥2 − 𝑥1
) ∙ 𝑥 
 
Rinf and Rsup are the thermal resistance of the conductor in tangential direction 
𝑅𝑖𝑛𝑓 =
𝑦𝑖𝑛𝑓
𝑘𝑓𝑖𝑙𝑙 ∙ 𝑙 ∙ ℎ𝑖𝑛𝑓
                 𝑅𝑠𝑢𝑝 =
𝑦𝑠𝑢𝑝
𝑘𝑓𝑖𝑙𝑙 ∙ 𝑙 ∙ ℎ𝑠𝑢𝑝
 
 
𝑅𝑓𝑖𝑙𝑙_𝑖 is the thermal resistance of the filler around the winding, where 𝜖𝑖 is the thickness of 
the filler and hi·l  is the surface of the single path 
𝑅𝑓𝑖𝑙𝑙_𝑖 =
𝜖𝑖
𝑘𝑓𝑖𝑙𝑙 ∙ 𝑙 ∙ ℎ𝑖
 
 
Rjs and Rji are the resistance of the joke superior and inferior where 𝛼 is half tooth pitch. 
𝑅𝑗𝑠 =
𝑙𝑜𝑔 (
𝑟𝑠𝑜
𝑟𝑗_ℎ)
𝛼 ∙ 𝑙 ∙ 𝑘𝑓𝑒
                     𝑅𝑗𝑖 =
𝑙𝑜𝑔 (
𝑟𝑗_ℎ
𝑟𝑠𝑙𝑜𝑡)
𝛼 ∙ 𝑙 ∙ 𝑘𝑓𝑒
 
 
Rt0u and Rt0b are the resistance of the tooth, tt1 is the length and ht1 is the height 
𝑅𝑡0𝑏 =
𝑡𝑡1
(𝑙 ∙ ℎ𝑡1 ∙ 𝑘𝑓𝑒)
              𝑅𝑡0𝑢 =
𝑡𝑡_1
(𝑙 ∙ ℎ𝑡_1 ∙ 𝑘𝑓𝑒)
 
 
Rt1b and Rt1u are the resistance of the tooth under the conductor:  
𝑅𝑡1𝑢 =
𝑡𝑠1
(𝑙 ∙ ℎ𝑡𝑠1 ∙ 𝑘𝑓𝑒)
         𝑅𝑡2𝑏 =
𝑡2
(𝑙 ∙ ℎ𝑡2 ∙ 𝑘𝑓𝑒)
             𝑅𝑡2𝑢 = 𝑅𝑡2𝑏 
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R1t and R2t are the tangential resistance of the tooth: 
𝑅1𝑡 =
𝑡1𝑡
(𝑙 ∙ ℎ1𝑡 ∙ 𝑘𝑓𝑒)
                  𝑅2𝑡 =
𝑡2𝑡
(𝑙 ∙ ℎ2𝑡 ∙ 𝑘𝑓𝑒)
 
Racn and Racv are the resistances of the conduction air and convectional air:   
𝑅𝑎𝑐𝑛 =
𝑑𝑒𝑙𝑡𝑎
(𝑆𝑔𝑎𝑝 ∙ 𝑘𝑎𝑖𝑟)
               𝑅𝑎𝑐𝑣 =
1
(𝑆𝑔𝑎𝑝 ∙ ℎ𝑎𝑖𝑟)
 
 
Rhr_inf, Rhr_sup, Rhrbot and Rth2 are the radial resistance of the housing:  
𝑅ℎ𝑟𝑖𝑛𝑓 =
𝑑ℎ
(ℎℎ𝑖𝑛 ∙ 𝑙 ∙ 𝑘𝑎𝑙)
                     𝑅ℎ𝑟_𝑠𝑢𝑝 =
𝑑ℎ
(ℎℎ𝑜𝑢𝑡 ∙ 𝑙 ∙ 𝑘𝑎𝑙)
 
𝑅ℎ𝑟𝑏𝑜𝑡 =
𝑑ℎ
(ℎ𝑏𝑜𝑡 ∙ 𝑙 ∙ 𝑘𝑎𝑙)
                    𝑅𝑡ℎ2 =
𝑑ℎ_
(𝑑ℎ ∙ 𝑙 ∙ 𝑘𝑎𝑙)
 
 
Rsli_in, Rsli_out, Rth, Rth1 are the tangential resistance of the housing: 
𝑅𝑠𝑙𝑖𝑖𝑛 =
ℎℎ𝑖𝑛
(𝑑ℎ ∙ 𝑙 ∙ 𝑘𝑎𝑙)
                     𝑅𝑠𝑙𝑖_𝑜𝑢𝑡 =
ℎℎ𝑜𝑢𝑡
(𝑑ℎ ∙ 𝑙 ∙ 𝑘𝑎𝑙)
 
𝑅𝑡ℎ1 =
ℎ𝑏𝑜𝑡
(𝑑ℎ ∙ 𝑙 ∙ 𝑘𝑎𝑙)
                𝑅𝑡ℎ =
𝑑ℎ
(ℎℎ ∙ 𝑙 ∙ 𝑘𝑎𝑙)
 
 
Rax is the axial resistance of the conductor included the end winding: 
𝑅𝑎𝑥 =
𝑙 + 𝑑𝑑 ∗ 𝑝𝑖/2
(
𝑆𝑠𝑙𝑜𝑡
2 ∗ 𝑘_𝑐𝑐)
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APPENDIX 2 
In the following table the thermals resistance used in lumped parameter network: 
 
RESISTANCE VALUE RESISTANCE VALUE 
R1 0.9538°C/w Rjtr 0.7289°C/w 
R2 1.0410°C/w RjtT 0.1358°C/w 
R3 1.2006°C/w Rs1 0.0599°C/w 
R4 1.2642°C/w Rt1u 0.3639°C/w 
R5 0.6504°C/w Rt2b 0.18°C/w 
R6 0.438°C/w Rt2u 0.18°C/w 
R7 0.5286°C/w R1t 0.0823°C/w 
R8 0.4243°C/w R2t 0.1217°C/w 
R9 0.4303°C/w Rhrinf 0.0114°C/w 
Rfill_1 3.1304°C/w Rhrsup 0.0049°C/w 
Rfill_2 3.7519 (not used) Rhrbot 0.0166°C/w 
Rfill_3 4.6996°C/w Rth2 0.2859°C/w 
Rfill_4 1.9783°C/w Rsli_in 0.3076°C/w 
Rfill_5 2.6406°C/w Rsli_out 0.7177°C/w 
Rfill_6 2.2992°C/w Rth 0.0058°C/w 
Rfill_7 2.0626 (not used) Rth1 0.211°C/w 
Rfill_8 1.9935°C/w Rass 3.2931°C/w 
Rfill_9 0.7894°C/w Rh2o_1 0.2071°C/w 
Rsup 0.0967°C/w Rh2o_2 0.0703°C/w 
Rinf 0.0606°C/w Rair 30.2343°C/w 
Rjs 0.29°C/w Rcvgap 20.3234°C/w 
Rji 0.3141°C/w Rcngap 62.6132°C/w 
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APPENDIX 3 
Nodes Temperatures Convectional Winding (Distributed): 
D/L 1.923 2.083 2.273 2.5 2.778 3.125 3.571 
T1 125.472 125.456 125.439 125.419 125.396 125.369 125.337 
T2 123.273 123.257 123.24 123.22 123.197 123.17 123.138 
T3 114.153 114.137 114.12 114.1 114.077 114.05 114.018 
T4 109.288 109.273 109.255 109.235 109.212 109.185 109.154 
T5 105.527 105.512 105.494 105.474 105.451 105.424 105.393 
T6 106.614 106.598 106.581 106.561 106.538 106.511 106.479 
T7 101.615 101.6 101.582 101.562 101.539 101.513 101.481 
T8 114.537 114.521 114.504 114.484 114.461 114.434 114.402 
T9 129.234 129.219 129.201 129.18 129.157 129.131 129.099 
 
Nodes Temperatures Non-Conventional Winding (Toroidal): 
D/L 1.923 2.083 2.273 2.5 2.778 3.125 3.571 
T1 122.345 121.877 121.348 120.751 120.08 119.328 118.489 
T2 120.645 120.221 119.743 119.205 118.601 117.925 117.175 
T3 113.362 113.122 112.852 112.548 112.206 111.823 111.398 
T4 109.27 109.108 108.924 108.718 108.487 108.229 107.943 
T5 106.4 106.294 106.175 106.041 105.892 105.725 105.541 
T6 107.016 106.895 106.759 106.607 106.436 106.245 106.034 
T7 98.895 98.92 98.947 98.978 99.013 99.053 99.099 
T8 113.695 113.45 113.175 112.864 112.515 112.124 111.689 
T9 128.392 128.148 127.872 127.56 127.211 126.82 126.386 
 
Temperatures different between the two winding topologies: 
D/L 1.923 2.083 2.273 2.5 2.778 3.125 3.571 
T1 3.126 3.579 4.091 4.667 5.315 6.041 6.848 
T2 2.628 3.037 3.497 4.015 4.596 5.245 5.964 
T3 0.791 1.015 1.268 1.552 1.871 2.227 2.621 
T4 0.018 0.165 0.331 0.517 0.725 0.956 1.211 
T5 -0.873 -0.783 -0.681 -0.567 -0.441 -0.3 -0.148 
T6 -0.402 -0.297 -0.179 -0.046 0.102 0.266 0.445 
T7 2.72 2.68 2.635 2.584 2.526 2.46 2.382 
T8 0.842 1.071 1.329 1.62 1.946 2.31 2.713 
T9 0.842 1.071 1.329 1.62 1.946 2.31 2.713 
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